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Abstract for the General Reader

The Standard Model of particle physics is one of the most successful scientific theories ever
constructed. It describes every known fundamental particle and three of the four fundamental
forces with extraordinary precision. But it comes with a cost: the theory requires roughly 25 free
parameters — numbers like the strength of electromagnetism, the mass of the Higgs boson, and
the mixing angle between forces — that must be measured experimentally and inserted by hand.
Nobody knows why these numbers take the values they do.

The parent paper, The Standard Model from Hexagonal Geometry, proposed a radical answer: all
of these numbers follow from a single geometric idea. If you tile space with hexagons and ask
what it takes for each hexagonal cell to "commit" to a definite internal state — fixing all its
internal degrees of freedom — then the rules of commitment automatically reproduce the
structure of particle physics. The electromagnetic coupling constant, the weak mixing angle, the
Higgs mass, even the gauge group SU(3) x SU(2) x U(1), all emerge as consequences of
hexagonal geometry with no free parameters beyond three discrete inputs.

That parent paper presented the results and showed the numerical agreements. This companion
paper does something different: it proves the claims. Specifically, it addresses five challenges
that critical review identified:

1. Why seven? The framework depends on each hexagonal cell having exactly 7
independent constraints. The parent paper motivated this count geometrically. This paper
proves it is the unique answer: 6 boundary constraints are not enough (they leave a
degree of freedom unfixed), 7 is exactly right (the extra hub constraint pins what was
loose), and 8 is too many (the hexagonal cell has no room for an independent eighth).

2. Where does gauge symmetry come from? The Standard Model is built on gauge
symmetry — the idea that certain transformations of the fields are unobservable.
Normally this is assumed. Here we show it emerges: the closure Hamiltonian depends
only on phase differences between neighbors, never on absolute phases, so the absolute
phase is automatically unobservable. That is gauge symmetry, derived rather than
postulated.



3. Why does the Higgs have that mass? The Higgs boson mass is a free parameter in the
Standard Model. We prove it satisfies a lower bound set by the W and Z boson masses,
and that hexagonal closure saturates this bound. The Higgs is as light as it can be while
keeping the vacuum stable.

4. Why do particles have the masses they do? The parent paper proposed that particle
masses arise from four nested levels of structure, each filtering by the electromagnetic
coupling. We formalize this as a theorem with explicit hypotheses (level separability,
weak cross-coupling), proving the o scaling structure conditionally and identifying the
finite computations that would verify the hypotheses.

5. How does this relate to other work? We situate the framework relative to prior attempts
to derive gauge theories from microscopic models (Wen, Kitaev), information-theoretic
approaches (Wheeler's "it from bit"), and earlier proposals for the fine-structure constant
(Wyler), explaining what distinguishes this approach.

The result is a framework in which the Standard Model's core structure follows from the
geometry of commitment, with all remaining assumptions either shared by every physical theory
or explicitly stated and falsifiable.

Technical Abstract

We present a self-contained derivational paper that closes the remaining foundational gaps in the
Hexagonal Closure Field Model. Five previously unresolved issues are addressed: (i) a K =7
Counting Theorem establishing that exactly seven independent binary constraints are necessary
and sufficient for stable closure, with full rank calculations and exclusion of alternatives; (i1) a
derivation of emergent gauge redundancy from the kernel of the closure-enforced response
operator, together with an explicit one-step coarse-graining calculation deriving the leading
Wilson plaquette term and giving explicit conditions for RG basin membership; (iii) a Higgs
mass inequality theorem derived from the eigenvalue structure of the closure stiffness matrix,
with saturation under economy; (iv) a defect gap factorization theorem establishing particle
mass scaling as a* conditional on explicit hypotheses (level separability, weak cross-coupling),
with finite cluster computations identified for verification; and (v) engagement with prior
literature on emergent gauge theories, information-theoretic physics, and earlier attempts to
derive coupling constants. No new phenomenological parameters are introduced.
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1. Introduction and Motivation

General reader context: The Standard Model describes all known particles and forces (except
gravity) but treats many of its parameters as unexplained inputs. The Hexagonal Closure
Framework proposes that these parameters are consequences of geometry: specifically, the
geometry of hexagonal tilings and the requirement that each cell "close" — fix all its internal
degrees of freedom. The parent paper showed the numerical results. This paper provides the

Pproofs.

The Hexagonal Closure Field Model derives the gauge-Higgs-confinement core of the Standard
Model from three inputs: K = 7 (hexagonal closure vertices), D = 3 (spatial dimensions), and & (a
UV-IR crossover scale). The numerical agreements are striking: a inverse to 0.08%, the weak
mixing angle to 0.17%, the Higgs mass to 0.4%. The framework provides clear falsifiability
criteria.

However, critical review has identified gaps between the model's internal theorems and their
claimed physical significance. This paper addresses five specific deficiencies:

1. The K =7 counting was motivated by geometric intuition but lacked a rigorous proof of
necessity and uniqueness.

2. Gauge redundancy, locality, and coarse-graining (assumptions H1-H4) were treated as
conditional inputs rather than derived consequences of the microscopic Hamiltonian.

3. The Higgs mass relation was identified as a response-norm statement but not derived
from a variational or eigenvalue argument.

4. Particle mass scaling as o to the negative fourth power was labeled a "scaling
hypothesis" without derivation from the defect creation operator.

5. No engagement with the substantial existing literature on emergent gauge theories,
information-theoretic physics, or prior attempts to derive fundamental constants.

We address each in turn. Where a complete proof is achieved, we state a theorem. Where the
argument establishes a bound or identifies the precise remaining calculation, we state a
proposition with explicit status.

2. Definitions and Setup

General reader context: Before proving anything, we need to define the basic objects. The
framework imagines space tiled by hexagonal cells, each containing a set of binary switches
(on/off). A cell is "closed" when all its switches are on simultaneously — a rare event that
corresponds to the cell committing to a definite physical state. The energy rules (the
Hamiltonian) penalize cells that fail to close and neighbors that disagree with each other.

We work within the Hexagonal Closure Field Model as defined in the parent paper (Section 3a).
For self-containedness, we restate the essentials.



2.1 Cells, Constraints, and Closure

Consider a regular tiling of the plane by identical cells. Each cell carries K binary constraint
variables

siin{0,1}, i=1,..,K.
A cell is closed (committed) if and only if all constraints are simultaneously satisfied:
S=TI(s i) = I.

Under maximal ignorance (each s_i independently 1 with probability 1/2), the closure probability
is P(S=1) =2"(-K).

In plain terms: closure is like requiring seven independent coin flips to all come up heads
simultaneously. For K = 7, that happens about once in 128 attempts. This rarity is the origin of
the small coupling constants in physics.

2.2 Phases and the Microscopic Hamiltonian

Each constraint carries a compact phase 0 i1in R/2piZ. The complex constraint fieldisu 1=s 1
exp(i 0 _i). The closure functional is

C = I(u_i).
A fully committed cell has |C| =1 and arg(C) = 0 mod 2pi.

The microscopic Hamiltonian is

H=H cl+H pair+ H def

where H cl=A* X cells (1 - |C|)*2 enforces closure, H pair =« * ¥ neighbors (1 - cos(0_a -

0 b)) penalizes phase mismatch across interfaces, and H_def assigns finite energy to localized
coordination defects.

Crucially, all three terms depend only on phase differences (link variables) and magnitudes,
never on absolute phases. No gauge structure is assumed at this stage. The goal of this paper is to
show it emerges.

In plain terms: the energy rules care about how neighboring cells relate to each other (their
phase differences) and whether each cell is fully closed, but they do not care about the "absolute
orientation" of any cell in isolation. This seemingly minor detail turns out to be the origin of
gauge symmetry.

2.3 Assumption Taxonomy



We distinguish three categories of logical inputs, clearly separated so the reader can see exactly
what 1s assumed and what is derived.

Category I: Universal EFT boundary (irreducible). These are shared by all effective field
theories: existence of a microscopic dynamics, a finite local state space per cell, and a finite
correlation length in the ordered phase. Together these ensure that standard coarse-graining
constructions (block-spin, momentum-shell integration) are well-defined. No known framework
derives these from deeper principles; they are the starting assumptions of statistical mechanics
itself.

Category II: Framework-defining structural axioms. These define the Hexagonal Closure
Framework specifically: uniformity (A1), isotropy (A2), closure (A3), economy (A4), and binary
constraint structure (S1). These are stated as axioms; they are not derived but are physically
motivated and falsifiable.

Economy Axiom (A4, Information-Theoretic Form). Let I cl=-Inp cl be the committed
information cost per cell, where p_cl is the UV closure success probability. Let § be the
correlation length of closure saturation, N_xi ~ (§/a)”d the number of effectively independent
cells per correlation volume, and S_xi = In W_xi the distinguishability capacity (log number of
stable macrostates) per correlation volume. The redundancy functional is E=N xil cl/S xi,
interpreted as committed information cost per usable stable distinguishability. Economy selects
the stable closure phase that minimizes E. (For detailed consequences, see Section 6.5.7.)

Category III: Derived results. Everything else, including K = 7, gauge redundancy, locality of
the effective action, the nullity-1 correction, the Higgs mass relation, and coupling constant
formulas, is derived from Categories I and II in this paper and the parent paper.

The critical point: H1-H4 (closure, gauge redundancy, locality, coarse-graining), previously
treated as conditional assumptions, are here shown to be consequences of the microscopic
Hamiltonian. This elevates the conditional theorems of the parent paper to theorems contingent
only on Categories I and II.

In plain terms: the parent paper said "if these four properties hold, then the Standard Model
follows." This paper proves that those four properties do hold, given only the basic setup. The
"if" becomes "because."

3. The K=7 Counting Theorem

General reader context: The entire framework rests on the number 7 — each hexagonal cell has
exactly 7 independent constraints. But why 7? Why not 6 (just the boundary) or 8 or 12? This
section proves that 7 is the unique correct answer: fewer than 7 leaves the cell incompletely
fixed, more than 7 is impossible without redundancy. This is the keystone theorem of the
framework.



3.1 Statement

Theorem 1 (Minimal Binary Closure Count). In a uniform, isotropic constraint network tiling
the plane with identical cells, subject to closure (A3) and economy (A4), the minimal number of
independent binary constraints per cell required for stable committed structure is K = 7.

3.2 Proof

The proof proceeds in four steps: establishing K >= 6 from boundary adjacency, demonstrating a
residual null mode at K = 6, showing K = 7 is sufficient, and excluding K > 7.

Step 1: Tiling selection and K >= 6.

General reader context: We first show why hexagons, and why at least 6 constraints. Hexagons
tile the plane with the least boundary per unit area (this is a proven mathematical theorem).
Each hexagon touches six neighbors, requiring six independent boundary specifications.

By Axioms A1-A2 (uniformity and isotropy), the substrate admits only regular polygon tilings.
By the standard vertex-angle argument, the integer solutions to k(n - 2) * 180/n = 360 are (n, k)
in {(3, 6), (4, 4), (6, 3)}, corresponding to triangular, square, and hexagonal tilings.

By Axiom A4 (economy), we select the tiling minimizing boundary cost per unit content. By the
Honeycomb Theorem (Hales, 2001), regular hexagons minimize perimeter per unit area among
all equal-area tilings of the plane.

A hexagonal cell shares one edge with each of six neighbors. Each shared edge defines a
boundary adjacency relation that must be independently specified for the cell's state to be fully
determined relative to its environment. These six adjacency relations are independent: removing
any one leaves the cell's relationship to that neighbor unspecified, breaking uniform connectivity.

Therefore K >= 6.

Step 2: Residual null mode for K = 6.

General reader context: Now we show that 6 boundary constraints are not enough. The key idea
is that all physical measurements at the boundary depend on phase differences between
neighbors, not on absolute phase values. So if you shift every boundary phase by the same
amount, nothing observable changes. This "invisible shift" is an unfixed degree of freedom — a
mode that the six boundary constraints cannot pin down. It is like trying to set six clocks relative
to each other without ever anchoring any of them to a standard time.



Define link variables on the boundary of a hexagonal cell. Let6 1, ...,0 6 in R/2piZ be the
constraint phases at the six boundary vertices, ordered cyclically. Define the link phases:

¢ i=0 {it1}-01, i=1,..,6 (indices mod 6).

These link variables are the physically observable quantities: H pair depends on phase
differences across interfaces, and all boundary adjacency observables are functions of the ¢ 1.

The boundary closure condition requires the net holonomy to vanish:
Y {i=11%6 ¢ i=0 (mod 2pi).
This is a single constraint on six link variables, giving a 5-dimensional solution space.

Now observe that the uniform shift
01i->0 1i+y foralli

leaves every link variable ¢ 1=0 {i+1} - 0_i exactly invariant. This is not an approximate
symmetry; it is an exact identity. Since all boundary observables (interface energies, adjacency
relations, closure conditions expressed in link variables) depend only on the ¢ i, no boundary
measurement can detect or fix the absolute phase .

To state this as a rank condition: define the 6 x 6 boundary response matrix M_bdy whose entries
are the second derivatives of the boundary energy with respect to vertex phases 0 1. Since the
energy depends only on differences, M_bdy has the structure of a graph Laplacian on the
hexagonal boundary cycle. The uniform vector 1 = (1, 1, ..., 1)*T satisfies M_bdy * 1 =0, so:

rank(M_bdy) =5, nullity(M_bdy) = 1.
The null eigenvector is the uniform rephasing direction.

Physical meaning: A cell with only six boundary constraints is distinguishable (its link variables
differ from other configurations) but not committed. The absolute phase can be continuously
deformed along the null direction without energetic cost. The cell occupies Level 2
(distinguishable, uncommitted) in the four-level hierarchy.

Step 3: Sufficiency of K= 7.

General reader context: The seventh constraint — the "hub" at the center of the hexagon — is
what pins the floating mode from Step 2. It is like adding a single reference clock at the center
that is linked to all six boundary clocks. Once the center is fixed relative to the boundary, the
absolute time (absolute phase) is no longer free to drift. The cell is now fully committed.



Introduce a single additional binary constraints_7 in {0, 1} associated with the interior (hub) of
the hexagonal cell, carrying its own phase 6 7. This constraint is independent of the six
boundary constraints: it is localized at the cell's center, not at any boundary vertex, and its
satisfaction is not determined by boundary data.

Gauge-invariant formulation. Following the link-variable convention of Step 2, we define all
new quantities as holonomies (closed-loop phase sums) and link variables (phase differences),
never as sums of absolute phases. The hub introduces six new link variables connecting
boundary vertices to the interior:

vi=0i-07 i=1,..,6.

The closure condition for the full cell is stated as a holonomy condition on the hub-and-boundary
graph. For each of the six "spoke triangles" (hub, vertex i, vertex i+1), define the spoke
holonomy:

Hi=yi-y {itl}+o¢. i

®1i-60 7)-(0 _{it1} -0 7)+ (O _{i+t1}-0_1)
0 (identically).

o=

These spoke holonomies vanish by construction — they are not the closure condition. The non-
trivial closure condition is the radial holonomy: the oriented loop from the hub to vertex i and
back via the closure functional. In the fully committed cell, the hub-boundary link variables y i
are not free but are constrained by the requirement that the closure functional C =II(u_j) has unit
magnitude and vanishing phase. Expressed in link variables, this becomes:

¥ {i=1}"6 y_i+ Phi_closure =0 (mod 2pi)

where Phi_closure is the closure phase of the hub constraint itself. This condition is gauge-
invariant: under the uniform shift 0 j->0 j+yforallj=1, ..., 7, every y _iis invariant (both 0 i
and 0 _7 shift by ), and Phi_closure is invariant (it is an internal property of the hub constraint).
The condition is a holonomy around the "flower" loop: hub to vertex 1 to vertex 2 to ... to vertex
6 and back to hub, closed by the closure phase.

Effect on the null mode. The energy now depends on all 12 link variables: 6 boundary-
boundary links ¢ 1 and 6 hub-boundary links y_i. Note that the uniform shift 0 j->6 j+y (all j
=1, ..., 7) leaves every link variable invariant, so the global phase redundancy is preserved.

The key difference from the K = 6 case is that the hub-boundary links y i provide new
observables that were absent before. At K = 6, the boundary-boundary links ¢ i determine only
relative phases around the boundary; the boundary's phase relative to any interior reference is
undefined. Introducing the hub adds the independent observables y 1=0 1-6 7, which fix each
boundary phase relative to the hub and remove the extra boundary-only null direction. The only
remaining null mode is the uniform shift of all seven phases together, which remains
unobservable.



Rank calculation. The extended response matrix M_ext on the 7-dimensional phase space (0 1,
..., 0_7) has the structure of a graph Laplacian on the hub-and-boundary graph G_7: six boundary
vertices connected cyclically, each also connected to the central hub. The graph G 7 is
connected (every vertex is reachable from every other) and has 7 vertices and 12 edges (6
boundary + 6 spokes). By the standard spectral theory of graph Laplacians:

rank(M_ext) = |V| - (number of connected components) =7 - 1 =6,
nullity(M_ext) = 1.

The single null eigenvector is the uniform mode (1, 1, ..., 1)"T — the simultaneous shift of all
seven phases by the same amount. This is the physically required global gauge mode: the overall
phase of the cell as a unit, which is unobservable because it cancels in every link variable.

Summary of null-mode reduction. At K = 6, the null space of M_bdy contained the uniform
boundary shift, which was invisible to all boundary observables. At K = 7, the null space of

M _ext contains only the uniform total shift (invisible to both ¢ i and y_i). The boundary-only
underdetermination present at K = 6 is removed at K =7 because y i=0 1-0 7 provide
independent interior-referenced observables; the only remaining null mode is the uniform shift of
all phases together, which is the irreducible gauge mode.

By the Nullity-1 Lemma (Appendix A of the parent paper), nullity 1 is the unique and minimal
kernel consistent with gauge redundancy and closure.

Result: K = 7 is sufficient for committed closure.

Step 4: Exclusion of K> 7.

General reader context: Finally, we must show that adding an eighth constraint is impossible —
there is simply no room for one. A hexagonal cell has six boundary vertices and one interior
region: seven geometric locations. Any supposed eighth constraint must live somewhere, and all
seven somewhere are taken. An eighth would either duplicate an existing constraint or require
non-local information, both of which are forbidden.

We must show that no eighth independent binary constraint can exist on a hexagonal cell with
paired interfaces.

Lemma 1 (Independent Constraint Support Sites). In a uniform, isotropic hexagonal cell with
interface pairing, the number of independent binary constraint support sites is exactly 7: six
boundary vertices and one interior hub. No interior sublattice or additional geometric
substructure contributes independent constraint degrees of freedom at cell resolution.

Remark. This enumeration assumes that the primitive constraint support sites are determined by
the cell's geometric structure at cell resolution — i.e., no sub-cell lattice exists with additional
independent constraint degrees of freedom. This is a consequence of finite local state space /
finite entropy density (Category I) together with economy (A4): any sub-cell structure would
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increase the constraint count per cell without contributing to inter-cell closure, violating
economy.

Proof of Lemma 1. We enumerate all geometrically distinct sites on the hexagonal cell using the
orbit-stabilizer theorem, then show which carry independent constraint variables.

The symmetry group of the hexagonal cell is C_6 (order 6). By the orbit-stabilizer theorem, if a
point p has stabilizer subgroup Stab(p) of order |Stab(p)|, then its orbit under C_6 has size |C 6|/
|Stab(p)| = 6 / |Stab(p)|.

Enumeration of orbits. The hexagonal cell contains the following geometrically distinct types
of points, classified by their stabilizer under C 6:

Site type Stabilizer under C_6 Orbit size Count of orbits Total sites
Center (hub) C6 1 1 1
Boundary vertex {e} 6 1 6
Boundary edge midpoint {e} 6 1 6
Generic interior point  {e} 6 continuous family continuous

We now determine which of these carry independent binary constraint variables:

(i) Boundary vertices (1 orbit, 6 sites). Each vertex is the meeting point of three cells. It carries
one binary constraint s_i and one phase 0 _i. By Step 1, these six constraints are independently
required for boundary adjacency. Independent constraint variables: 6.

(ii) Boundary edge midpoints (1 orbit, 6 sites). Each edge midpoint lies on the shared interface
between two cells. Under interface pairing (Axiom S3), the physical state of the interface is fully
determined by the link variable ¢ i=0 {i+1} - 6 i, which is a function of the vertex data on
either end of the edge. The edge midpoint carries no independent binary variable beyond what is
already determined by the two adjacent vertex constraints. Independent constraint variables:
0.

(iii) Center / hub (1 orbit, 1 site). The center is the unique C_6-fixed point. It carries one binary
constraint s_7 and one phase 0 7. This is the hub variable. It is independent of all boundary
variables (it is localized at a different site, and its satisfaction is not determined by boundary
data). Independent constraint variables: 1.

(iv) Generic interior points (continuous family of orbits, each of size 6). Any point in the cell
interior that is not the center has trivial stabilizer and therefore belongs to an orbit of size 6.
Could such a 6-site orbit support an independent binary constraint?

A binary constraint on a 6-site orbit would be a function f: {0,1}"6 -> {0,1} that is C_6-invariant

(i.e., invariant under cyclic permutation of its six inputs). But the six sites in such an orbit lie in
the interior of the cell, away from any boundary or vertex. What data do they access?

11



By locality (Category I), any constraint at a generic interior point can depend only on the
constraint fields in a finite neighborhood of that point. In a hexagonal cell of finite size, the only
constraint fields are the seven variables (s 1, ...,s 7,0 1,...,0 7) already defined at the vertices
and hub. A constraint at a generic interior point, after averaging over its C_6 orbit, produces a
symmetric function of these seven variables — which is algebraically determined by the six
vertex constraints and the hub constraint. It does not introduce an independent binary variable.

More precisely: at the resolution of a single cell (the fundamental scale of the lattice), there is no
geometric substructure between the vertices and the center. The cell interior is a convex region
with no distinguished sublattice points. The vertex and hub positions exhaust the geometrically
distinguished loci. Any proposed constraint at an intermediate location is, at the one-cell
resolution, indistinguishable from a function of the existing vertex/hub data after coarse-graining
to the cell scale. Independent constraint variables: 0.

Total. The independent binary constraint support sites are: 6 (boundary vertices) + 0 (edge
midpoints) + 1 (hub) + 0 (generic interior) = 7. QED (Lemma 1).

Applying Lemma 1 to the constraint space: the total number of independent constraint loci is 6
(boundary vertices) + 1 (interior closure) = 7. Any proposed eighth binary variable falls into one
of three cases:

(a) Localized at an existing boundary vertex or the interior, in which case it is a function of an
existing constraint variable and hence algebraically dependent, or

(b) Localized at a boundary edge, in which case it is determined by the paired vertex constraints
(under interface pairing, each edge carries the phase difference 0 {i+1} - 0 i, which is already
determined by vertex data), or

(c) Non-local, in which case it violates the locality requirement of Category I assumptions.

This is consistent with the Nullity-1 Lemma: the paired interface response matrix M on 2K
variables has nullity exactly 1 for K = 7, meaning the constraint space is fully saturated. Adding
a constraint would either reduce the nullity below 1 (destroying the required gauge mode) or be

redundant.

Result: K =7 is maximal. No independent K = 8 exists.

Conclusion of Theorem 1: K >= 6 (Step 1), K = 6 is insufficient (Step 2), K = 7 is sufficient
(Step 3), K> 7 is impossible (Step 4). Therefore K = 7 is the unique minimal closure count.
QED.

4. Emergent Gauge Redundancy from Closure Dynamics
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General reader context: Gauge symmetry is one of the deepest principles in modern physics. It
says that certain transformations of the mathematical description leave all physical predictions
unchanged — they are redundancies of the formalism, not features of reality. In the Standard
Model, gauge symmetry is assumed from the start. Here we show it is not an assumption but a
consequence: it emerges automatically from the way the closure Hamiltonian is constructed. The
key insight is simple — the energy rules only care about differences between neighbors, never
about absolute values, so the absolute values are unobservable. That unobservability is gauge
symmetry.

The parent paper's conditional theorems (Appendices C-H) assume four properties of the
microscopic model: closure (H1), gauge redundancy (H2), locality (H3), and coarse-graining
(H4). Here we derive all four from the microscopic Hamiltonian.

4.1 H1 (Closure): Immediate

Closure is enforced by H cl=L * Z cells (1 - |C|)*2. In the committed phase (A >> 1),
configurations with |C| !=1 are exponentially suppressed. This is not an assumption about the
model; it is the defining term of the Hamiltonian.

4.2 H2 (Gauge Redundancy): Derived from the Closure Kernel

Theorem 2 (Gauge Redundancy from Closure Structure). The closure-enforced Hamiltonian
has an exact global phase redundancy. Under coarse-graining to cell-level link variables, this
global redundancy gives rise to local gauge structure. Physical observables are invariant under
transformations along the kernel of the response operator.

Proof. The gauge redundancy is established in two stages: first as an exact symmetry of the
microscopic Hamiltonian, then as the linearized kernel of the response operator.

Stage 1 (Global redundancy). The microscopic Hamiltonian H=H cl+ H pair + H_def
depends on constraint phases only through phase differences and the closure magnitude |C|. No
term depends on the absolute phase of any individual constraint. Explicitly:

e H cl=A*Z cells (1 -|C|)*2 depends on |C| = |II(u_i)|, which is invariant under u_i ->
u_1iexp(iy) for all i within a cell.

e H pair=«x*X neighbors (1 - cos(0_a -0 _b)) depends only on phase differences.

e H def depends on coordination numbers and topological charges, which are phase-
difference quantities.

Therefore a global shift 6_i(x) -> 0_i(x) + y, with the same y applied to all constraints in all cells,
is an exact symmetry of H. This establishes a global U(1) redundancy: the overall phase of the
entire system is unobservable.

Stage 1b (Local structure from coarse-graining). The inter-cell coupling H_pair depends on

phase differences 0_a(x) - 0_b(y) between neighboring cells x and y. A per-cell shift with
different y(x) for each cell does not leave H_pair invariant. However, after coarse-graining to
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cell-level link variables U {xy} = exp(i(Theta x - Theta y)), where Theta x is the cell-averaged
phase, the effective action depends only on these link variables and the cell-level closure
magnitude. In this coarse-grained description, the per-cell shift Theta x -> Theta x + x(x) is
absorbed into U_{xy} -> U _{xy} exp(i(yx(x) - x(y))), which is the standard compact U(1) gauge
transformation. Local gauge structure thus emerges from the global microscopic redundancy
through the coarse-graining map to link variables.

Stage 2 (Linearized kernel). Expanding about a committed configuration, the response matrix
M {ij} =d*2H/d6 1d 6 jhas the structure of a graph Laplacian (as shown in Step 3 of
Theorem 1). By the Nullity-1 Lemma, M has exactly one null eigenvector per connected
component (hence one global null mode in the translationally invariant vacuum). This null mode
is the linearization of the global redundancy established in Stage 1. At the coarse-grained level,
the per-cell null modes become the local gauge degrees of freedom identified in Stage 1b.

Physical interpretation: The statement "nature has a U(1) gauge symmetry" becomes, in this
framework, "the closure Hamiltonian depends only on phase differences, not absolute phases."
At the microscopic level this is a global redundancy; local gauge structure emerges through
coarse-graining to link variables, as in the standard Kadanoff-Wilson construction. This is the
same mechanism by which local gauge invariance arises in standard lattice gauge theory: the
microscopic degrees of freedom live on sites, the physical observables are link variables (phase
differences), and the per-site redundancy becomes the local gauge transformation of the coarse-
grained theory. QED.

In plain terms: imagine a network of thermometers that only measure temperature differences
between rooms. You can add the same number to every thermometer reading and nothing
changes — no measurement can detect the shift. That "undetectable shift" is the gauge symmetry.
In our framework, the phases play the role of temperatures, the link variables are the
thermometer readings, and the gauge symmetry is the fact that only differences matter.

4.3 H3 (Locality): From Finite-Range Interactions

Theorem 3 (Locality of the Effective Action). The microscopic Hamiltonian H=H cl +
H pair + H_def generates a local effective action at long wavelengths.

General reader context: "Locality” means that what happens here is influenced only by what
happens nearby, not by distant events. This is a basic requirement for any physical theory and
we show it follows from the Hamiltonian, which only couples neighboring cells.
Proof. All three terms in H are sums of local contributions:

e H clis asum over individual cells.

e H pair is a sum over nearest-neighbor interfaces.

e H defis a sum over localized defect sites.

No term couples non-adjacent cells. The microscopic interaction range is therefore exactly one
lattice spacing.
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Under coarse-graining, the effective action acquires terms coupling cells at longer range.
However, in the committed phase (A >> 1), the system is in an ordered, gapped phase with finite
correlation length xi_corr. By standard results in statistical mechanics (see, e.g., Simon 1993 Ch.
4; Glimm and Jaffe 1987 for rigorous treatment), effective multi-cell couplings generated by
integrating out short-wavelength fluctuations decay exponentially:

|J_eff(r)| ~ exp(-r / xi_corr).

This follows from the cluster expansion, which converges in any gapped phase with finite local
state space (both conditions are satisfied here by Category I assumptions). Long-range couplings
are therefore exponentially suppressed.

The effective action remains local at all scales and admits a derivative expansion in the
continuum limit. The Kadanoff block-spin construction (Kadanoff 1966) and Wilson's
renormalization group framework (Wilson 1971) provide the explicit procedural tools for
carrying out this coarse-graining; the exponential decay of couplings ensures that the procedure
converges. QED.

4.4 H4 (Coarse-Graining): From Finite Entropy Density

General reader context: "Coarse-graining" is the physicist's term for zooming out — replacing a
detailed microscopic description with a simpler large-scale one, the way you might replace a
pixel-by-pixel image with a blurred version that captures the essential features. We need to show
that this zooming-out procedure is mathematically well-defined for our system.

Proposition 4 (Existence of Coarse-Graining). The microscopic model admits a well-defined
coarse-graining map producing a continuum effective theory.

This follows from two observations: (i) the number of degrees of freedom per cell is finite (K =7
binary variables plus K compact phases), so the entropy density is bounded, and (ii) the
committed phase is an ordered phase with a finite correlation length, so the standard block-spin
procedure converges.

This is the same logical status as coarse-graining in lattice QCD or the Ising model. It is a
standard assumption of statistical mechanics, not specific to the hexagonal framework.

4.5 One-Step Coarse-Graining: Universality Class Identification

General reader context: This is a pivotal section. We show that when you zoom out from the
hexagonal closure model by one step — integrating out the small-scale fluctuations — what you
get is a well-known equation: the Wilson action for lattice gauge theory, the same starting point
used in computer simulations of quantum chromodynamics. This means the hexagonal closure
model is not some exotic new mathematical structure; it belongs to a family of theories that
physicists have studied rigorously for decades. All the known results about lattice gauge theory
— its continuum limit, its phase structure, its renormalization — are inherited for free.
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With H1-H4 now derived, the conditional theorems of Appendices C-H become theorems under
Category I and II assumptions alone. However, to make the connection to known physics
maximally explicit, we perform one explicit coarse-graining step and identify the form of the
resulting effective action.

Theorem 5 (Plaquette Generation). Integrating out short-wavelength constraint fluctuations on
a single plaquette of the hexagonal lattice generates an effective holonomy penalty of the
compact Wilson form.

Remark on scope. This theorem establishes that the one-step coarse-grained action has the
Wilson form. Full universality-class membership — the statement that the closure Hamiltonian
lies in the basin of attraction of the Wilson fixed point under iterated RG — requires additionally
that (a) higher harmonics remain irrelevant under further coarse-graining and (b) no relevant
operator is generated that drives the system away from the Wilson fixed point. Condition (a) is
standard for compact U(1) in D = 3+1 at weak coupling (B_eff >> 1), which is satisfied in the
committed phase. Condition (b) holds provided no monopole operator is generated at leading
order in the strong-stiffness expansion under the assumed microscopic constraints; if monopole
events occur with nonzero density, they must be treated explicitly. We therefore state the
universality identification as a corollary with explicit conditions, rather than asserting it within
the theorem itself.

Proof. Consider a single hexagonal plaquette (a closed loop of six cells). Each cell-to-cell
interface carries a link variable ¢ {xy} =0 y - 0 _x. The plaquette holonomy is:

Q=% {edges in plaquette} ¢ {xy} (mod 2pi).

The holonomy Q is compact (defined mod 2pi) because each 6 _i is a compact phase variable.
This compactness is inherited directly from the binary constraint structure and is not imposed by
hand.

In the committed phase, each cell satisfies closure, so link variables are well-defined. The
interface Hamiltonian H_pair penalizes large phase differences. We now integrate out the high-
momentum components of the phase field (fluctuations with wavelength shorter than one lattice
spacing) while holding the coarse-grained link variables U {xy} =exp(i ¢_{xy}) fixed.

Lemma 2 (Single-Plaquette Effective Action). In the strong-stiffness limit f_micro >> 1,
integrating out internal phases at fixed holonomy Q yields an effective action of the form:

-InZ(Q)=% {n=1}"c0 B n (1 - cos(n Q))
where p_1 = eff is positive and the higher-harmonic coefficients satisfy f n/p 1=
O(B_micro”(-(n-1))) for n >= 2. The Wilson action (1 - cos Q) is therefore the dominant term,

with corrections that are parametrically suppressed at strong stiffness.

Proof of Lemma 2. Write the constrained partition function for a single plaquette:

Z(Q)=[11_id(® i) exp(-B_micro = (1 - cos &_0)) * 5(Z5_0 - Q)
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where the integral runs over internal (short-wavelength) phase fluctuations and the & function
enforces the holonomy constraint.

Step (a): Symmetry constraints on Z(£2). By the C_6 symmetry of the hexagonal plaquette,
Z(Q) is invariant under Q -> -Q (the energy is even in each 6 _0). It is periodic in 2pi (the
holonomy is compact). It is real and positive for all Q. Therefore -In Z(Q2) admits a Fourier
cosine expansion:

-InZ(Q)=c 0+Z {n=1}"0 P n(1-cos(n Q))

where the constant ¢_0 absorbs the Q-independent part and we have written the expansion in the
conventional (1 - cos) form so that each B_n represents the stiffness penalty for the n-th harmonic
of the holonomy.

Step (b): Saddle-point evaluation at large B_micro. In the limit B_micro >> 1, the integrand is
sharply peaked around configurations that minimize the total phase mismatch. At fixed
holonomy €, the saddle-point configuration distributes the holonomy uniformly: & 6 i*"*=Q/6
for each of the 6 edges. The saddle-point action is:

S saddle =6 * B_micro * (1 - cos(£2/6)).
For small Q, this gives S_saddle ~ B_micro * Q"2 / 12.

Step (c): Gaussian fluctuations and harmonic coefficients. Expanding around the saddle point
to quadratic order in the fluctuations 6 0 i=€)/6 + eta i (subject to sum eta_i = 0), the Gaussian
integral yields a prefactor that depends on Q only through higher-order terms. The leading Q-
dependent contribution to -In Z is:

-In Z(Q) =6 * B_micro (1 - cos(€2/6)) + (1/2) In det(M_saddle(Q2)) + ...
Expanding 6(1 - cos(€2/6)) in a Fourier series:
6(1 - cos(€/6)) = (B_micro / 12) Q"2 - (B_micro / 8640) Q"4 + ...

The n-th Fourier coefficient of cos(£2/6) expanded in terms of cos(n Q) falls off as 1/(6”(2n) *
(2n)!) for large n. Converting to Fourier coefficients B n:

B_1=p _micro/ 6+ O(1) [from the saddle-point quadratic term]
B _n=O(B _micro*(-(n-1))) forn>=2 [from higher-order saddle-point corrections]

The key ratio is:
B 2/B 1=0(1/p micro).

Step (d): Physical interpretation. At strong stiffness (f_micro >> 1), the effective plaquette
action is dominated by the fundamental harmonic (1 - cos Q), with the first correction (1 - cos
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20mega) suppressed by a factor of order 1/f_micro. In the committed phase where _micro =
O(27K) >> 1, this suppression is exponentially strong.

Therefore the effective action is:

In Z(Q) = B_eff (1 - cos Q) * [1 + O(1/B_micro)]

where §_eff=f 1= micro/ 6+ O(1). QED (Lemma 2).

Applying Lemma 2:

Step A: By Lemma 2, the one-step coarse-grained action for a single plaquette is:

S plaq(Q) = B_eff (1 - cos Q)+ {n>2} B n (I - cos(n Q))

with B n/B_eff = O(B_micro”(-(n-1))) for n >=2.

Step B: Summing over all plaquettes, the one-step coarse-grained action is:

S eff[U] = B_eff £ plaquettes (1 - Re U_plaquette) + £ {n>2} B_n = plaquettes (1 - Re U_plaquette™n).

The leading term is precisely the Wilson action for compact lattice U(1) gauge theory. The
higher harmonics (n >= 2) are present but parametrically suppressed by powers of 1/B_micro.
The compactness of U (inherited from the compact phases 0 1) ensures that the gauge group is
U(1), not its non-compact cover R.

Conclusion of Theorem 5: The closure Hamiltonian, after one coarse-graining step, produces an
effective action whose leading term is the compact Wilson form, with higher harmonics
suppressed by O(1/p_micro). QED.

Corollary 5.1 (Universality Class Identification). If the higher harmonics generated by further
coarse-graining remain irrelevant (which holds at weak coupling B_eff >> 1 in D = 3+1) and no
topologically non-trivial relevant operators are generated at leading order in the strong-stiffness
expansion, then the hexagonal closure model lies in the universality class of compact lattice U(1)
gauge theory.

Under these conditions, which are satisfied in the committed phase, the continuum limit of S_eff
is Maxwell electrodynamics with coupling g*2 proportional to 1/p_eff, by Theorem C.1 of the
parent paper. QED (Corollary).

Significance: Under the conditions of Corollary 5.1, the closure model inherits the extensive
rigorous results of lattice gauge theory, including existence of a continuum limit (Balaban 1985),
confinement-deconfinement transitions, and standard renormalization group flow.

The closure Hamiltonian is not an exotic new theory. It generates the same one-step effective

action as compact lattice U(1) gauge theory, and under mild conditions (weak coupling, no
leading-order monopole operators) belongs to the same universality class. What distinguishes it
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is that the microscopic stiffness B_eff is not a free parameter but is computed from constraint
counting to be 2°K * (2K+1)/(2K).

S. The Higgs Mass Inequality Theorem

General reader context: The Higgs boson, discovered in 2012, has a mass of about 125 GeV. In
the Standard Model, this mass is a free parameter — it could have been anything. The parent
paper showed that hexagonal closure predicts M_H = 125.8 GeV. This section proves something
stronger. the Higgs mass satisfies a mathematical lower bound set by the W and Z boson masses,
and hexagonal closure saturates that bound. The Higgs is as light as it can possibly be while
keeping the vacuum stable. This converts a seemingly arbitrary number into a structural
necessity.

5.1 Setup: Stiffness Matrix on Response Space

The committed hexagonal vacuum supports small fluctuations in multiple directions. Define the
stiffness matrix K _ab as the Hessian of the coarse-grained free energy restricted to the active
response space:

F=(1/2)T {ab} 5 ¢ aK {ab} 5 ¢ b
where & ¢ a are the 2K - 1 = 13 active mode amplitudes (excluding the global null mode).

Closure enforcement guarantees K is positive-definite: all eigenvalues are strictly positive, since
any zero eigenvalue would correspond to an additional null mode, violating Nullity-1.

In plain terms: the stiffness matrix tells you how much energy it costs to wiggle the vacuum in
each direction. Large eigenvalues mean stiff, heavy excitations (massive particles); small
eigenvalues mean floppy, light excitations. The Higgs mass is determined by how stiff the
vacuum is in the "radial" direction — the direction that changes the overall magnitude of
closure.

5.2 Decomposition into Angular and Radial Sectors
The active response space decomposes as:
H act=H_ triangle + H perp + H rad
where:
e H triangle (dim = 3): triangular orientation fluctuations, corresponding to the SU(2)
gauge sector and determining M_W and M_Z

e H perp (dim = 2K - 5 =9): complementary active modes, corresponding to the U(1)
sector
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e H rad (dim = 1): closure-norm fluctuation |C(x)| - 1, corresponding to the Higgs scalar

The gauge boson masses MW and M_Z are determined by the eigenvalues of K restricted to
H_triangle and the electroweak mixing. The Higgs mass M_H is determined by the eigenvalue of
K restricted to H rad.

5.3 Bridge Lemma: Stiffness Eigenvalues and Physical Masses

Lemma 3 (Mass-Stiffness Correspondence). In the effective quadratic action with canonically
normalized kinetic terms, the physical mass of each excitation mode is the square root of the
corresponding eigenvalue of the stiffness matrix K.

Proof of Lemma 3. The coarse-grained effective action at quadratic order has the form:
S eff=[d"Dx[(1/2)Z a(@ po a2+ (1/2)= {abl ¢ aK {ab} ¢ b]

where the kinetic terms are canonically normalized (this is achieved by rescaling the fields by the
appropriate wave-function renormalization factors, which are determined by the gradient terms
in the closure Hamiltonian and are common to all modes at leading order by isotropy).

The equation of motion for mode ¢ a in momentum space is:
(p"2 6_{ab} +K {ab})o b=0.

The mass spectrum is given by the eigenvalues of K: if K _{ab} v. b=m a*2 v_a, then mode v_a
has physical mass m_a. In particular:

e The gauge boson masses M_W and M_Z are the nonzero eigenvalues of K restricted to
H_triangle, modified by electroweak mixing.
o The Higgs mass M_H is the eigenvalue of K restricted to H_rad.

Canonical normalization holds at leading order because the gradient energy in the closure
Hamiltonian (arising from H_pair) is isotropic by the Leading-Order Isotropy Theorem
(Companion Paper I). Corrections to canonical normalization are higher-order in the derivative
expansion. QED (Lemma 3).

5.4 The Inequality

Theorem 6 (Higgs Mass Lower Bound). Let K be the positive-definite stiffness matrix of the
committed vacuum on the active response space, with the decomposition above. Then:

M_H"2 >=N_scalar * (M_W"2 + M_Z"2)

where N _scalar = (2K+1)/(2K) = 15/14 is the total response norm from the Nullity-1 Lemma.
Equality holds when the radial and angular sectors decouple at leading order.
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Proof.
Part A: The bound.

The closure-norm fluctuation p(x) = |C(x)| - 1 is a gauge singlet under SU(2) x U(1): gauge
transformations rotate the phase and orientation of C but preserve its magnitude (see parent
paper, Appendix E, Section E.2). Therefore the radial mode p couples to the gauge sector only
through the total norm of the stiffness, not through any directional projection.

The bound follows from the Schur complement of the stiffness matrix combined with a trace
identity. Write K in block form with respect to the angular (A, dim = 2K - 2 = 12) and radial (R,
dim = 1) sectors:

=(K AA K AR)
(KRA K RR)

where K RA = K ARAT. The effective radial stiffness after integrating out angular fluctuations
is the Schur complement:

K_RR%eff=K_RR -K_RA K_AA~(-1)K_AR.

Positive-definiteness of K requires K_RR”eff > 0, hence:

M_H"2 =K RR>K RAK AAA(-1)K_AR >=0.

This is the abstract Schur bound. To obtain the specific factor N _scalar = 15/14, we need to
connect K RR to the angular eigenvalues. This requires two structural lemmas: one establishing
how the radial mode couples to all channels, and one converting channel-counting into
eigenmass relations.

Lemma 4 (Uniform Radial Coupling). Let e rad denote the unit vector in the radial (closure-
norm) direction, and let {e a} {a=1}"(2K-1) be an orthonormal basis for the active angular
modes. The coupling of the radial dilation to each angular mode, defined as g a=e¢ rad"T K
e a, satisfies:

¥ {a=1}"(2K-1) g a*2 /X a=K RR -K RR*(self)

where A_a are the angular eigenvalues and K _RR”(self) is the radial self-coupling (the part of
K RR that does not come from angular cross-terms).

Proof of Lemma 4. This is the standard decomposition of a matrix element in terms of the
spectral resolution of the off-diagonal block. The Schur complement gives:

K RR%eff=K RR-K RAK AAN-1)K AR=K RR-X ag a"2/} a.

Since K RR”eff > 0, we have K RR>X ag a2 /A a. The content of the lemma is the spectral
identity, not an inequality. QED (Lemma 4).
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Lemma 5 (Channel-Counting Normalization). In the closure-enforced response space, the
radial stiffness K RR equals the total stiffness per unit dilation across all 2K + 1 channels (2K
paired interface channels + 1 closure channel), while the angular stiffness Tr(K_AA) equals the
total stiffness across only the 2K paired channels. At leading order (where all paired channels
contribute equally by isotropy):

K RR =[(2K + 1)/ (2K)] * Tr(K_AA) = (15/14) * Tr(K_AA).

Proof of Lemma 5. The closure functional C =TII(u i) is a product of 2K + 1 factors: one for
each of the 2K paired interface channels (corresponding to the complex constraint fields u_1 on
both sides of each of K interfaces) plus one for the closure mode itself (the overall normalization
IC[=1).

A uniform radial dilation p = |C| - 1 perturbs every factor equally. The total restoring force is
therefore the sum of stiffnesses across all 2K + 1 channels:

K RR=x 1+x 2+ ..+x {2K} +«_{closure}
where k i is the stiffness of the i-th channel.

The angular modes, by contrast, are transverse perturbations that redistribute the phase among
channels without changing |C|. Each angular mode perturbs some subset of the 2K paired
channels. The trace of the angular stiffness matrix sums all angular eigenvalues:

Tr(K_AA) = sum of all angular eigenvalues = sum of stiffnesses of the 2K paired channels =« _1 + ... + k_{2K}.

(The closure channel does not contribute to angular modes because angular perturbations
preserve |C| by definition.)

At leading order, isotropy of the response space (from the Leading-Order Isotropy Theorem)
ensures all paired channels contribute equally: k 1=« foralli=1, ..., 2K. The closure channel
stiffness is also k at leading order (it is one more channel of the same type). Therefore:

K RR= (2K + 1) * k= [2K + 1)/ 2K)] * (2K * k) = [K + 1)/ (2K)] * Tr(K_AA).

With K=7: K RR =(15/14) * Tr(K_AA). QED (Lemma 5).

Completing the bound. By Lemma 3, the gauge boson masses M_W"2 and M_Z"2 are
eigenvalues of K AA restricted to the electroweak subspace. Their sum satisfies:

M_WA2 +M_Z/2 <= Tr(K_AA)

since all eigenvalues of K AA are positive (the remaining eigenvalues correspond to U(1) and
other angular modes that contribute positively to the trace).

Combining with Lemma 5:
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M _H"2 =K RR = (15/14) * T((K_AA) >= (15/14) * (M_W"2 + M _Z"2).
Part B: Saturation.

The bound is saturated when K AR = 0, i.e., when the radial and angular sectors decouple at
leading order. This decoupling holds in the leading-order closure Hamiltonian for the following
reason:

In H cl=2(1 - |C|)"2, the closure magnitude |C| and the closure phase arg(C) are independent
variables at quadratic order. The radial mode p = |C| - 1 does not source angular fluctuations and
vice versa. Mixing between the sectors arises only from higher-order terms in the expansion of H
(cubic couplings, quartic corrections, gradient-gradient interactions). These higher-order
contributions are parametrically suppressed by powers of the fluctuation amplitude relative to the
committed vacuum.

In terms of the economy functional (Section 6.5.7): a heavier Higgs corresponds to larger radial
stiffness KRR, which increases the committed information cost I _cl without increasing the
distinguishability capacity S xi. Minimizing E=N xil cl/S xi therefore biases toward
minimum radial curvature consistent with stability — i.e., saturation of the bound. Corrections
from K_AR != 0 are computable in perturbation theory and contribute at subleading order.

Therefore, at leading order:
M _H"2 = (15/14) * (M_W"2 + M_Z"2) = (125.8 GeV)"2
with perturbative corrections from higher-order terms in the closure potential. QED.

Remark. This theorem converts the Higgs mass relation from a postulate (M4 in the parent
paper) to a lower bound that is saturated by the leading-order closure dynamics. The physical
content is: the Higgs boson is the lightest scalar that the committed vacuum can support without
violating closure stability. Any lighter Higgs would destabilize the vacuum; any heavier Higgs
would require additional structure beyond the leading-order closure Hamiltonian.

6. Particle Mass Scaling: Status and Program

General reader context: The masses of elementary particles span an enormous range — the top
quark is about 340,000 times heavier than the electron. In the Standard Model, each mass is an
independent free parameter. The hexagonal framework proposes a mechanism: particle masses
arise from four nested levels of structure, each requiring successful closure. Since closure is rare
(probability roughly a, the electromagnetic coupling), four levels multiply to give masses
proportional to oN(-4). This section formalizes the argument as a theorem with explicit
hypotheses, and identifies the finite computations that would verify those hypotheses.

6.1 The Claim
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The parent paper proposes that the electron mass scales as:
m_ec’2=(h*c/E)* a-4)* (13/20)

where the exponent 4 corresponds to four nested closure transitions in the level hierarchy (void
to tick to triangle to hexagon to particle).

6.2 The Defect Operator and Energy Gap

Let |0> denote the committed vacuum (all cells closed, no defects). Define D-dagger(x) as the
operator that creates a localized 5-7 disclination pair centered near x. Operationally: D-dagger
acts on a local patch P(x) — two adjacent cells and their immediate neighbors (the smallest patch
supporting a 5-7 pair) — changing the local coordination constraint satisfaction pattern to the
unique minimal defect pattern, while maintaining closure outside P(x).

The defect energy gap is:

AE = <0|D H D-dagger|0> / <0|D D-dagger|0> - <O[H|0>.

This is the mass of the lightest stable topological excitation of the committed lattice.
6.3 Theorem 7: Defect Gap Factorization

The four-level hierarchy is a structural consequence of the hexagonal framework:

e Level 0 (void): undifferentiated substrate

o Level 1 (tick): single reversible edge; 3 edges required for a triangle

e Level 2 (triangle): distinguishable but uncommitted; 6 triangles required for a hexagon
e Level 3 (hexagon): committed bit; requires closure of all K =7 constraints

o Level 4 (particle): stable topological defect in the committed lattice

The existence of exactly four transitions is derived. The following theorem establishes the energy
gap scaling given explicit hypotheses about the level structure.

Theorem 7 (Defect Gap Factorization). Assume:

o H1 (Locality). H is a sum of local terms supported on cells and interfaces. (Established
as Theorem 3.)

o H2 (Level separability). There exists a nested hierarchy of subspaces H 0 D H 1 D H 2
D H 3 D H 4 corresponding to the four levels above, such that the projection from H_{I-
1} — H_lis local and has a well-defined suppression probability y 1 (susceptibility)
determined by the closure network.

o H3 (Weak cross-coupling). Cross-terms between different level transitions are higher
order: mixed cumulants of level-transition operators are O(1) and do not contribute new
powers of y .
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Then there exists a factorization of the defect creation operator:
D-dagger = N * D _4-dagger * D 3-dagger * D 2-dagger * D 1-dagger

where each D _1-dagger is a local operator supported on a patch of bounded size, and the energy
gap obeys:

AE = (hc/E*f(K)*II {I=1}"x ' *[1+ O(e)]

where f(K) is a dimensionless geometric factor depending only on K and defect topology, and
O(e) collects subleading cross-coupling corrections (no new powers of ).

Proof.

Step 1 (Locality reduction). Because H is local (Theorem 3), AE depends only on the patch
where D-dagger acts. Contributions from outside P(x) cancel between the numerator <0|D H D-
dagger|0> and the vacuum energy <0[H|0>.

Step 2 (Factorization). Insert resolutions of identity between the nested level subspaces to
express AE as a product of constrained partition function ratios for each transition. Concretely,
the defect creation from Level (I-1) to Level 1 requires constraint satisfaction against the rarity of
the level-1 closure condition; this contributes a factor y ! by definition of the susceptibility.

Step 3 (Weak cross-coupling). By H3, mixed cumulants between different level transitions
contribute only O(1) corrections to the individual factors, not new powers of y'. The leading-
order product structure is preserved.

Step 4 (Dimensional analysis). The overall energy scale is set by the only dimensionful scale in
the committed lattice: / ¢ / £. The remaining factor f(K) is a dimensionless geometric function of
the defect topology and the constraint count K. QED.

Corollary 7.1 (o * Scaling). If the four level susceptibilities are equal at leading order,
A~ 2~x 3~y 4~ycl

and if the dressed closure susceptibility satisfies y_cl = a (up to the 15/14 dressing already
accounted for), then:

AE = (hc/&)* fK)* o * [1 +O(e)].

This identifies the electron mass as m_e ¢*2 = AE with f(K) = 13/20 (see Section 6.4 for the
geometric origin of this factor).

What remains to fully close the computation. Two finite calculations convert Theorem 7 from
a conditional result to a numerical prediction:
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(A) Verify or measure y 1 =y 2=y 3 =y 4. This is a local calculation: define each level
transition operator D _1-dagger, compute the constrained partition function ratio when forcing
that transition on a finite patch. If the ratios differ, the gap still factorizes as Il(y "), but the
exponent on o becomes a weighted sum once each y_1 is related to a.

(B) Compute f(K) for the 5-7 defect. Restrict the Hamiltonian to the defect patch and evaluate
f(K)=(&/ h c) * AE * I1(y_l) by exact diagonalization or Monte Carlo on a small cluster. The
value should stabilize with patch size.

Both calculations are well-defined within the model on finite clusters. Their completion would
convert the electron mass from a scaling result to a derived quantity with no free parameters.

6.4 The Geometric Factor (13/20)

The factor 13/20 = (2K-1)(K-1)/[(2K+1)(K+1)] arises from the ratio of active modes to total
structural positions in the defect geometry. The two constituent ratios have the following
combinatorial origins:

(K-1)/(K+1) = 6/8. A 5-7 defect pair modifies the coordination of two adjacent cells: one cell
loses a boundary vertex (becoming pentagonal, 5 boundary + 1 hub = 6 constraints) and one
gains a boundary vertex (becoming heptagonal, 7 boundary + 1 hub = 8 constraints). The ratio
6/8 counts the fraction of constraint loci in the smaller (pentagonal) defect cell relative to the
larger (heptagonal) defect cell.

(2K-1)/(2K+1) = 13/15. In the paired interface description, a cell with K constraints contributes
2K interface channels plus 1 closure mode, totaling 2K + 1. The active (non-null) modes number
2K - 1 (subtracting the 2 null-mode contributions from the defect pair). The ratio 13/15 is the
fraction of active modes in the response space of the defect.

These ratios are determined entirely by K = 7 and the topology of the 5-7 defect. A rigorous
derivation would follow from the explicit evaluation of the defect creation operator D-dagger.

6.5 The &-Scale Computation

General reader context: The framework's three inputs are K = 7, D = 3, and & — the UV-IR
crossover scale, a mesoscopic length of order 50—100 micrometers. The first two are derived
from geometry. But what determines C? If & is a free parameter, the framework has an
unexplained input. This section shows that ¢ is the correlation length of the closure-norm field,
that its value is controlled by a one-loop determinant that can be evaluated exactly, and that the
loop correction drives the system toward near-criticality — explaining why ¢ is mesoscopic
rather than microscopic.

The electron mass formula (Theorem 7, Corollary 7.1) contains & as the only dimensionful scale.

To close the derivational chain, § itself must be computable from the microscopic Hamiltonian.
We show here that integrating out phase fluctuations generates an effective theory for the
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closure-norm field p(x) = |C(x)| - 1, and that the one-loop correction has a specific sign and
magnitude that drives the system naturally toward a large correlation length.

Normalization convention. Throughout this section, all numerical values are stated in the
natural normalization: p = |C| - 1 is the dimensionless closure-norm variable, the bare closure
actionis S p=(1/2) £ x A p_x"2, and the effective action has the form S _eff=(1/2) X x A eff
p x"2+(1/2)Z pX {<xy>} (p_x-p_y)*2 + .... Changing the normalization of p rescales the
numerical coefficients.

6.5.1 The closure-norm field and its lattice Hamiltonian.

The closure-norm fluctuation p_x = |C(x)| - 1 lives on the hexagonal cell-adjacency graph: one
degree of freedom per committed cell, with nearest-neighbor couplings along the six shared
edges. The coordination number is z = 6.

The microscopic Hamiltonian couples p to the phase sector through the closure-norm
dependence of the interface stiffness. In the committed phase, the effective link stiffness between
cells x and y is modulated by the closure saturation of each cell:

H_pair =« X_{<xy>} (1 +p_x)(1 + p_y)(1 - cos(A0_{xy}))

together with the closure penalty:

H cl=1%Z xp x"2+ O(p"3).

Expanding the prefactor (1 + p_x)(1 + p_y) and taking the Gaussian (quadratic) expansion in 0,
the action takes the form S[0, p] = (1/2) 02T M(p) 6 + S_p[p], where M(p) is the p-dependent
graph Laplacian:

M_{xy}(p)=-k (1 +p x)(1+p_ y) forx~y (neighbors)
M_{xx}(p) =« Z_{y~x} (1 + p_x)(1 + p_y)

and S p=(M2) X x p_x"2 is the bare closure-norm mass.

6.5.2 One-loop integration: the determinant formula.

Integrating out the phase field 6 at Gaussian order yields the exact effective action for p:

S eff[p] =S _plp] + (1/2) Tr' In M(p)

where Tr' denotes the trace excluding the zero mode (the global gauge mode established in
Theorem 2). This is the standard result for Gaussian integration of a quadratic form with p-

dependent coefficients.

The effective p two-point kernel — the coefficient of |p(q)|"2 in Fourier space — is obtained by
expanding Tr' In M(p) to second order in p:
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S eff=(1/2) = q [A+ ()] Ip(@I2 + ...
where X(q) is the one-loop self-energy from the phase sector.

Theorem 9 (k-factorization). At fixed normalization of p (defined as |C| - 1), the one-loop self-
energy X(q) extracted from Tr' In M is independent of the phase stiffness «, up to an additive p-
independent constant.

Proof. The matrix M(p) has « as an overall multiplicative factor:
M(p)=x*[(1+p x)(1 +p_y) *L_{xy}]

where L is the graph Laplacian structure. Therefore:

Tr' In M(p) = (N - 1) Inx + Tr' In[(1 + p_x)(1 + p_y) L_{xy}].

The first term is p-independent and drops out of any derivative with respect to p. The second
term depends on p but not on k. Therefore all coefficients in the expansion of £(q) — including
%(0) and the gradient coefficient Z p — are k-independent at fixed p normalization. QED.

Caveat: If p is rescaled (e.g., to absorb factors of A or x from the mapping between microscopic
variables and the coarse field), the numerical coefficients change. The theorem applies to the
natural normalization p = |C| - 1.

This has been verified numerically: the self-energy is identical (to 6 decimal places) for k values
spanning two orders of magnitude (k = 0.1 to k = 10).

6.5.3 The mass correction: sign and functional form.

Proposition 10 (Concavity of the Loop Correction). For uniform p perturbations, the one-loop
correction to the closure-norm effective potential is a concave function of p. The effective
curvature A_eff = A + Z(0) satisfies £(0) < 0: the loop correction reduces the bare closure
curvature.

Proof. For a uniform perturbation p_x = p (constant), the matrix simplifies to:

M(pp)=x(1+p)"2L

where L is the bare graph Laplacian. Therefore:

TrInM(p)=2(N-1)In(1+p)+ (N-1)Ink+ Tr'In L.

The p-dependent part is 2(N-1) In(1+p), which is concave (its second derivative at p =0 is -2(N-
1)). The loop contribution to the effective potential at quadratic order is therefore:

(1/2) x d*2/d(p)*2 [Tr' In M]|_{p=0} x p"2 = -(N-1) p"2.
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Per site, in the normalization where S _eff = (1/2) £ x A _eff p x"2 + ..., this gives:
2(0)=-(N-1)/N — -1 as N — 0.

The numerical value -1 applies in the convention where (a) p = |C| - 1 is the natural
dimensionless closure-norm variable, (b) the action is (1/2) £ x A_eff p_x"2, and (c) the
Gaussian integral is Tr' In M with one zero mode removed. In a different normalization of p or a
different convention for the action prefactor, the coefficient changes but the sign (concavity) is
invariant. QED.

Remark on dimension-dependence. The concavity result (X(0) < 0) is universal: it follows
from the concavity of In(1+p) and holds in any spatial dimension and for any connected lattice.
In the stated per-site normalization the coefficient approaches -1 as N — oo; converting to an
intensive continuum normalization introduces dimension- and lattice-dependent prefactors, while
preserving the concavity sign.

Physical interpretation. Increasing p stiffens the phase sector (larger link weights), but the
marginal free energy gain from additional stiffness diminishes — the determinant grows as
(1+p)(2(N-1)), which is sublinear per degree of freedom for large p. This makes the effective
potential for p flatter than the bare potential. In this normalization the determinant contribution is
concave in p, reducing the effective quadratic curvature. This differs from the usual presentation
of the SM Higgs hierarchy problem, where radiative corrections are often summarized as driving
the Higgs mass parameter toward the cutoff scale.

6.5.4 Numerical validation of the gradient coefficient Z._p.

Expanding the self-energy to order g*:

X=20)+Z_pq*+0(q")

where Z_p > 0 is the induced gradient stiffness. Analytically, Section 6.5.3 establishes that £(0)

< 0 exactly, while a positive finite Z p is required to generate a stable correlation length &/a =
\/(Z_p / A _eff). This subsection validates Z p by direct computation.

Setup. We compute the determinant contribution (1/2) Tr' In M(p) directly, using the p-
dependent graph Laplacian M_ {xy}(p) defined in Section 6.5.1, on a periodic cubic lattice L*
with coordination number z = 6 matching the hexagonal cell-adjacency graph. The induced
quadratic kernel for the closure-norm field is extracted via second finite differences:

(172) Tr' In M(p) = (1/2) £_q Z(q) [p(q)* + O(p?).

Method. We use a sparse stochastic Lanczos quadrature (SLQ) estimator of Tr' In M(p) with 10
stochastic probes and 32 Lanczos steps. Two perturbation profiles are applied:

e Uniform mode: p(x) = A, yielding X(0).
e Gradient mode: p(x) = A cos(q x1), with q =2xnn/L, n =1, 2, 3, yielding 2(q).
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Amplitude A = 1073 (verified to be in the quadratic regime). System sizes: L = 12, 14 (N =L3
sites). Normalization: p = |C| — 1 (natural dimensionless variable), action convention (1/2) £ q
2(q) |p(q)]>. The gradient stiffness is extracted from a least-squares fit of [Z(q) — Z(0)] vs g* at
small q.

Results.

L X0) Zop
12 -0.9994 0.137
14 -0.9996 0.157

Statistical uncertainties from stochastic sampling are negligible compared to finite-size effects
(typical variance < 10 for Z_p). The convergence £(0) — —1 per site is extremely rapid,
confirming Proposition 10. The extracted Z p increases monotonically with system size,
consistent with convergence toward Z p =~ 0.16-0.17.

Interpretation.

(1) x-independence. Repeating the calculation for k € [0.1, 10] yields identical X(q) within
numerical precision, confirming Theorem 9 in a fully non-perturbative setting.

(1) Positive finite gradient stiffness. The extracted Z_p > 0 ensures that spatial modulations of
the closure-norm field are penalized, producing a well-defined correlation length &.

(i11) Consistency with the &-scale estimate. Using Z p = 0.16 and the required n> = 3.1 from the
electron-mass consistency condition gives A_eff=Z p/n?=0.05, in quantitative agreement with
the near-criticality condition derived analytically in Section 6.5.6.

Finite-size suppression of Z_p at small L is expected due to contamination from higher-order q*
terms; the monotonic increase with L indicates convergence toward a continuum value in the
stated range.

Lattice surrogate. The periodic cubic lattice is used as a surrogate graph with the same
coordination number z = 6; repeating the extraction on the exact hexagonal cell-adjacency graph
changes only order-unity lattice constants and does not affect the concavity sign, -
independence, or near-criticality conclusion. A direct evaluation on the exact cell-adjacency
graph would refine Z p further but is not expected to change the qualitative or semi-quantitative
result.

The effective long-wavelength action for p is:
S eff[p] = (1/2) | d&*x [Z_p (Vp)* + A_eff p?] + ...
with:

A eff=A+Z(0)=r—1
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in the stated normalization convention.
6.5.5 The lattice geometry simplification.

For the hexagonal cell-adjacency graph with z= 6 in d = 3 spatial dimensions, the lattice
geometry prefactor from the discrete-to-continuum mapping is:

2/(2d)=6/6=1.

This means no lattice-artifact correction enters the correlation-length formula. The correlation
length in lattice units is:

E/a=sqrt(Z p/ A eff)=sqrt(Z p/ (L -1)).

The coincidence z/(2d) = 1 is a consequence of the same honeycomb economy (A4) that selected
hexagonal tiling: z = 6 is forced by hexagonal cell adjacency, and d = 3 by the orientation sector.

Dimensional clarification. The &-scale entering the electron mass formula is a spatial
correlation length, computed in the 3D effective theory for the closure-norm field. The 4D
Euclidean formulation (used in Theorem 5 for the Wilson action) applies to the quantum
effective field theory of long-wavelength excitations around that background. The two
descriptions are complementary: the 3D theory determines the spatial scale &, while the 3+1D
theory governs the dynamics of gauge and Higgs modes propagating on that background.

6.5.6 Near-criticality and the mesoscopic &-scale.

The correlation length diverges as A_eff approaches zero from above:
§/a— oo as A_eff —» 0"+

The critical surface is where the renormalized curvature A_eff = A + Z(0) vanishes. In the natural
normalization (Proposition 10), £(0) = -1, placing the critical surface near A = 1. For A_eff <0,
the p = 0 state is unstable (the closure-norm mode goes soft). For A_eff > 0, the committed
vacuum is stable with a finite correlation length.

A mesoscopic correlation length £ >> a requires A_eff to be small and positive — 1.e., the bare
closure curvature must nearly cancel the loop correction. Quantitatively, for the electron mass
consistency condition (Theorem 7, Corollary 7.1):

xi_needed = 88.5 micrometers, xi_0=sqrt(l P R Lambda)~ 50 micrometers

eta needed=¢&a~1.77, n"2=3.13.
This requires:

A eff=Z p/n2=0.17/3.13 =0.05.
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The effective closure curvature must be small compared to the natural scale (of order 1 in the
stated normalization). This is a near-criticality condition: the system must sit close to the critical
surface. Whether it constitutes fine-tuning depends on whether a dynamical principle (such as
economy) selects the vacuum near the critical surface.

6.5.7 Economy as a variational principle.

The economy axiom (A4) has appeared throughout the paper as a qualitative selection principle.
Here we formalize it as a variational principle with a well-defined functional, and show that it
provides a structural reason for the committed vacuum to sit near the critical surface.

Definitions. Let I cl =-In p cl be the committed information cost per cell, where p_cl is the UV
closure success probability (the fraction of local configurations that satisfy closure). For K
independent binary constraints, I cl ~ K In 2 at leading order, dressed by the 15/14 channel-
counting factor. Let £ be the correlation length of closure saturation, N_xi ~ (&/a)"d the number
of effectively independent cells per correlation volume, and S_xi =In W_xi the distinguishability
capacity — the log number of stable macrostates accessible within a correlation volume.

The economy functional. Define the redundancy functional:
E=Nxi*Icl/S xi

interpreted as committed information cost per usable stable distinguishability. The numerator
N _xi I cl measures how much "bit cost" it takes to keep a region of size { committed. The
denominator S_xi measures how many distinct stable macrostates that region can encode.
Economy selects the stable closure phase that minimizes E.

Recovery of known results. This principle immediately recovers three previously qualitative
arguments:

(a) Hexagonal tiling. In 2D, the honeycomb tiling minimizes perimeter (boundary burden) per
unit area. In the economy functional, perimeter overhead increases I _cl per cell (more interface
constraints to maintain) without increasing S_xi (the number of distinguishable macrostates is
determined by the bulk degrees of freedom, not the boundary count). Minimizing E therefore
selects the tiling that minimizes boundary overhead: hexagons.

(b) Higgs mass saturation. A heavier Higgs corresponds to larger radial stiffness K RR, which
increases I_cl (more action cost per unit fluctuation suppression) without increasing S_xi (over-
stiffening reduces accessible configurations). Minimizing E biases toward minimum radial
curvature consistent with stability — 1.e., saturation of the Higgs bound (Theorem 6).

(¢) Near-criticality. If S_xi scales extensively with N_xi (i.e., S xi ~N_xis_eff with some
effective entropy per cell s_eff in the committed phase), then & cancels at leading order: E ~ 1 cl
/'s_eff. In this regime, economy does not fix & However, near the critical surface, S xi acquires
a critical enhancement A S(A_eff) from increased mode accessibility and defect sector
proliferation. If this enhancement is sub-extensive (e.g., A S ~ A In(&/a)), then E is minimized
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slightly above the critical surface, where the denominator gains a "free" critical contribution that
the numerator does not match.

What this establishes and what it leaves open. The economy functional E recovers hexagonal
tiling selection and Higgs bound saturation from a single variational principle. For near-
criticality, however, the situation requires care.

Remark (&-selection depends on sub-extensive distinguishability enhancement). The
economy functional E=N xil cl/S xidepends on & through both N xi ~ (§/a)*d and S_xi=1In
W _xi. If S xiis extensive —i.e., S xi =N xis_eff with some effective entropy per cell s_eff —
then the -dependence cancels at leading order:

E~1 cl/s eff

and economy does not select a unique & Consequently, any near-criticality bias must arise from
the anomalous contribution A S(§) near the closure-norm critical surface:

S xi=N xis_eff+ A S().
Three cases exhaust the possibilities:

(A) Log enhancement: A S ~ A In(&/a). This is the conservative expectation when soft modes
proliferate slowly. Economy prefers being near criticality if A > 0, but the bias is weak and does
not sharply fix &.

(B) Power-law sub-extensive enhancement: A S ~ B (§/a)™y with 0 <y < d. This models stronger
defect sector proliferation (still sub-extensive). Economy can have a genuine minimum at finite
&, because A S competes with the extensive term.

(C) Extensive enhancement: A S ~ C N_xi. This merely renormalizes s_eff and & still cancels. No
&-selection occurs.

The near-criticality argument is therefore structurally conditional: economy selects hexagons and
biases toward minimal stiffness unconditionally, but a near-critical &-scale emerges if and only if
the committed phase exhibits sub-extensive critical enhancement of distinguishability (Cases A
or B). In the present work, the existence of near-criticality follows from the concavity of the
closure-norm effective potential (Proposition 10); the quantitative selection of & is controlled by
A S, which can be estimated by finite-cluster enumeration or Monte Carlo of defect-sector
accessibility in the committed phase.

To go from "economy favors near-criticality" to "economy predicts A_eff = 0.05," the remaining
step is to compute S_xi(A_eff) for the committed phase near the critical surface and determine
whether A S follows Case A, B, or C. This computation — finite-cluster measurement of W_xi
as a function of patch size — is identified as the path from the directional result to a quantitative
prediction.
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Alternatively, self-consistency between the defect energy gap (Theorem 7) and the correlation
length may provide an additional equation that, combined with the economy functional, fixes
A_eff uniquely.

6.5.8 Status and summary.

Theorem 9 (proven): At fixed normalization of p = |C| - 1, the one-loop self-energy is K-
independent. The correlation length depends only on the closure curvature A and lattice
geometry, not on the phase stiffness.

Proposition 10 (proven): The one-loop mass correction is concave: X(0) < 0. In the natural
normalization (p =|C| - 1, action (1/2) £ A _eff p?), the value is £(0) = -1 per site. The loop
correction reduces the effective closure curvature (opposite sign to the standard hierarchy
problem). The committed vacuum is stable if and only if A > [2(0)|.

Computed: The gradient coefficient Z p = 0.16-0.17 is positive, k-independent, and gives a
well-defined correlation length &a = (Z_p / A_eff). (Extracted via stochastic Lanczos quadrature
on periodic 3D cubic lattices with L = 12, 14; see Section 6.5.4.)

Structural result: A mesoscopic correlation length & >> a is a consequence of near-criticality in
the closure-norm sector: the effective closure curvature A_eff must be small and positive. The
electron mass consistency condition requires A_eff = 0.05 in the stated normalization. The
economy functional E=N xil cl/S xi selects hexagons and minimal stiffness unconditionally;
near-critical &-selection occurs if and only if S_xi exhibits sub-extensive critical enhancement
(Section 6.5.7, Cases A or B).

Proposition 8 (Near-Critical Origin of the &-Scale). The one-loop effective action for the
closure-norm field yields a concave mass correction (Proposition 10), so the effective closure
curvature A_eff = A + 2(0) is reduced relative to the bare value. A correlation length £ >> a exists
if and only if the bare closure curvature is close to [£(0)|. The emergence of a mesoscopic &-scale
is therefore a consequence of near-criticality in the closure-norm sector, with the economy
functional E=N xil cl/S xi(Section 6.5.7) providing a variational mechanism that drives the
committed vacuum toward the critical surface via critical enhancement of S_xi.

Proposition 9 (¢-Scale Consistency Condition). If the effective closure curvature satisfies A_eff
~7Z pm™M2 withn=1.77and Z p=0.17 (i.e., A_eff = 0.05-0.06), then the UV-IR crossover scale
& 1s consistent with the electron mass, and the framework determines m_e with no free
parameters beyond K = 7, D = 3, and the axioms. This condition requires the committed vacuum
to sit close to but slightly above the critical surface of the closure-norm mode — a mild near-
criticality condition consistent with economy.

7. Gauge-Group Uniqueness: Strengthened Argument
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General reader context: The Standard Model is built on three specific force groups: SU(3) for
the strong force, SU(2) for the weak force, and U(1) for electromagnetism. Physicists have long
wondered why these particular groups and not others. The hexagonal framework provides an
answer: these are the only groups compatible with hexagonal closure geometry. This section
proves that claim by showing that every alternative group (SU(4), SU(5), SO(10), a second U(1),
etc.) fails to satisfy at least one requirement imposed by the hexagonal cell structure.

7.1 The Theorem (Restated)

Theorem 8 (Gauge Group Uniqueness). Under Axioms A1-A4, statistical axioms S1-S3, and
the Hexagonal Closure Field Model, the unique continuous gauge algebra compatible with
closure, finite entropy density, chirality, and singlet formation is SU(3) x SU(2) x U(1).

7.2 Derivational Status of Each Requirement

The parent paper's Section 3j invokes four structural requirements (R1-R4). Here we clarify their
derivational status:

R1 (Finite entropy density): This is a Category I assumption (universal EFT boundary). It is not
specific to the hexagonal framework. Any physical theory with bounded information per spatial
cell satisfies R1.

R2 (Singlet formation): This follows from closure (Axiom A3). Closure requires that all
internal degrees of freedom are fixed by the structure itself. A composite excitation that does not
form a singlet retains unfixed internal quantum numbers, violating closure at the composite level.
Therefore R2 is derived from A3.

In plain terms: a "singlet" is a state with no leftover internal labels — it is fully self-contained.
Closure demands exactly this: everything must be pinned down. So the requirement that particles
form singlets is not an extra assumption; it is closure applied to composite objects.

R3 (Chirality): This follows from the structure of the triangular orientation sector. The
orientation field n(x) on S*2, which is isomorphic to CP"1, admits a unique spin structure under
which one chirality couples to the SU(2) rotation current and the other does not (see parent
paper, Appendix D, Section D.7). This is a geometric property of CP"1, not an empirical input.
Therefore R3 is derived from hexagonal geometry.

R4 (Minimal closure compatibility): This is a restatement of the constraint structure: six
boundary channels in three orientation-opposed pairs, plus one global closure mode. It follows
directly from the K = 7 theorem.

7.3 Strengthened Exclusion of Alternatives

With R1-R4 derived from the axioms and the K = 7 theorem, the exclusion arguments in the
parent paper (Section 3j.4) become fully rigorous within the framework:
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SU(N >= 4): Excluded because the hexagonal cell provides exactly 3 triangle pairs, supporting at
most a 3-body antisymmetric singlet (via the € tensor €*(ijk) with 3 indices). SU(N) with N >= 4
requires an N-body antisymmetric combination in the fundamental representation to form a color
singlet. Since the hexagonal structure provides only 3-body composites, SU(N >= 4) cannot
satisty the singlet-formation requirement R2 with the available closure geometry. This is a
representation-theoretic fact combined with the geometric constraint from K = 7.

SO(N), Sp(N): Excluded because their fundamental representations are real or pseudoreal, which
does not support the chiral structure required by R3. This is a standard mathematical property of
these groups.

Multiple U(1) factors: Excluded by the Nullity-1 Lemma. Exactly one global null mode exists
per cell, supporting exactly one U(1).

Multiple SU(2) factors: The triangular orientation sector is 3-dimensional and irreducible under
the hexagonal symmetry. It supports exactly one SU(2) (the double cover of the SO(3) rotation
group on S*2). A second SU(2) would require a second independent 3-dimensional internal
sector, which does not exist in the hexagonal cell.

7.4 Status

The no-alternatives theorem is now a consequence of the K = 7 counting theorem plus standard
representation theory. The only non-derived input is R1 (finite entropy density), which is a
universal assumption shared by all physical theories.

8. Relation to Prior Work

General reader context: The idea that the forces of nature might emerge from a deeper
microscopic structure is not new. Several research programs have explored this direction, most
notably in condensed matter physics (where gauge theories demonstrably emerge from
constrained systems) and in the information-theoretic tradition inspired by John Wheeler's "it
from bit" motto. This section places the hexagonal framework within this broader landscape,
explaining what it shares with prior work and what is genuinely new.

8.1 Emergent Gauge Theories in Condensed Matter

Wen's string-net condensation (Wen 2004, Levin and Wen 2005) demonstrates that U(1),
SU(2), and SU(3) gauge theories can emerge as low-energy descriptions of exactly solvable
lattice models. The hexagonal closure model shares this conceptual architecture: both
frameworks derive gauge structure from constraint satisfaction rather than postulating it.
However, two key differences exist:
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1. In string-net models, the specific gauge group depends on the choice of fusion category
(a discrete input to the model). In the hexagonal framework, the gauge group is uniquely
determined by the closure geometry with no additional choice.

2. String-net models do not predict coupling constant values. The hexagonal framework
does, via the connection between closure rarity and electromagnetic coupling.

Kitaev's toric code and honeycomb model (Kitaev 2003, 2006) provides exactly solvable
models on hexagonal lattices with emergent gauge structure. The hexagonal closure model is not
an exactly solvable model in the Kitaev sense, but the shared lattice geometry is suggestive. A
mapping between the two frameworks, if it exists, would provide rigorous non-perturbative
control.

Kogut's lattice gauge theory review (Kogut 1979) establishes the universality class framework
used in Section 4.5. The identification of the closure Hamiltonian's one-step effective action as
the Wilson form (Theorem 5), and the conditions under which this implies full universality class
membership (Corollary 5.1), inherit the rigorous continuum-limit results of this program.

8.2 Information-Theoretic Approaches to Physics

Wheeler's "it from bit" (Wheeler 1990) proposed that physical reality emerges from
information-theoretic primitives. The hexagonal closure model is a concrete realization of this
program: the "bit" is the committed hexagonal cell (K = 7 binary constraints), and physical
observables (coupling constants, masses, gauge structure) are derived from the statistics of bit
commitment.

The key advance beyond Wheeler's programmatic statement is specificity: the hexagonal
framework identifies the particular geometric structure (hexagonal tiling), the particular
constraint count (K = 7), and the particular statistical mechanism (closure rarity) that connects
information to physics.

8.3 Prior Attempts to Derive Coupling Constants

Several authors have proposed derivations of the fine-structure constant from geometric or
group-theoretic arguments:

Wyler (1969, 1971) obtained a”(-1) approximately 137.036 from ratios of volumes of symmetric
spaces (specifically, involving the Cartan domain of type IV in dimension 5). Wyler's formula
achieves remarkable numerical accuracy but was rejected by the physics community for three
specific methodological reasons: (i) it is non-mechanistic, providing no physical process or
dynamical principle connecting symmetric-space volumes to electromagnetic coupling; (ii) it is
not falsifiable, since no independent prediction follows from the same mathematical structure;
and (iii) it is not extensible, since the formula does not generalize naturally to other Standard
Model parameters (the weak mixing angle, the Higgs mass, confinement scale, etc.).

The hexagonal framework differs from Wyler's approach on all three counts: (i) it provides an
explicit physical mechanism (closure rarity in a constraint network), (ii) it makes multiple
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independent falsifiable predictions (15/14 universality, &-scale anomalies, no fourth generation,
specific Higgs mass relation), and (ii1) it derives 10+ Standard Model parameters from the same
geometric structure, not just o.

Other numerological approaches have noted various numerical coincidences involving a. The
look-elsewhere analysis in the parent paper (Section 22) addresses the charge of numerology
directly. The hexagonal framework is distinguished from numerology by having a mechanism
(closure constraint satisfaction) that explains why the formulas take the forms they do, not
merely that the numbers match.

8.4 Noncommutative Geometry and the Standard Model

Connes' noncommutative geometry program (Connes 1994, Connes and Lott 1991,
Chamseddine and Connes 2007) demonstrates that the full Standard Model Lagrangian —
including the Higgs sector, Yukawa couplings, and gauge-Higgs unification — arises naturally
from a spectral triple on the product of a continuous four-manifold with a finite noncommutative
space. The geometry is abstract and algebraic: distances are defined by Dirac operators,
curvature is encoded in spectral data, and the SM structure emerges from axioms on operator
algebras rather than from spatial tiling or constraint counting.

Both the noncommutative geometry program and the present framework identify geometry as the
natural language for Standard Model structure. Connes implements this through the abstract
geometry of spectral triples; the present framework through the concrete spatial geometry of
closure-constrained tilings. The shared geometric intuition supports both programs; the
difference in implementation is what allows the present framework to derive coupling values
rather than relations between them.

Specifically, the NCG approach derives the form of the SM Lagrangian (gauge group,
representation content, Higgs potential structure) from the axioms of a spectral triple, but the
coupling constants, mass ratios, and mixing angles remain free parameters — inputs to the finite
noncommutative space, not outputs. The hexagonal framework inverts this: the numerical values
of coupling constants emerge from closure rarity and constraint counting (K = 7, the 15/14
dressing, o' = 137.14), while the Lagrangian form is recovered through the universality class
identification (Theorem 5, Corollary 5.1).

The two programs are therefore complementary rather than competing. If both are correct, one
expects a precise mathematical connection: the finite noncommutative space in Connes' spectral
triple should be derivable from the closure geometry of the hexagonal lattice, with the spectral
data of the Dirac operator encoding the constraint counting and adjacency structure of the tiling.
Establishing such a connection would provide the hexagonal framework with the rigorous
mathematical infrastructure of NCG, while providing the NCG program with the numerical
specificity it currently lacks. This remains an open problem.

8.5 Comparison Table
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Feature

Gauge group
derived
Coupling values
derived
Lagrangian form
derived
Multiple
parameters
Falsifiable
predictions
Microscopic
model

Hexagonal
Closure

Yes (unique)

Yes

Via universality
class

10+

Yes

Closure
Hamiltonian

String-Net

Standard

(Wen) Connes NCG Wyler Model
Yes (choice- Yes (from
dependent) spectral triple) No  Postulated
No No a only No (free

parameters)

Material- Yes (from
dependent spectral action) No  Postulated
0 0 (relations only) 1 0
Yes (material-  Yes (Higgs mass No  Yes

dependent)

relation)

Exactly solvable

Spectral triple  None QFT axioms

9. Summary of Derivational Status

General reader context: This table summarizes the progress made across the parent paper and
this companion. The key message: everything in the "gauge-Higgs-confinement core" (the
coupling constants, mixing angles, Higgs mass, gauge group, and confinement) is now derived
from the axioms. The one remaining open problem — particle masses — has a well-defined
computational path forward.

Result

K=7

Gauge redundancy
(H2)

Locality (H3)

Coarse-graining
(H4)

Universality class
ar(-1) = 137.14

sin"2 0 W =3/13

Higgs mass
relation

Particle mass a\(-
4)
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Parent Paper

Status
Motivated

Assumption
Assumption

Assumption

Not addressed

Conditional
theorem

Conditional
theorem

Postulate M4

Scaling
hypothesis

Status After This Paper

Theorem 1 (proven)

Theorem 2 (global from Hamiltonian; local from coarse-
graining)
Theorem 3 (from finite-range H + gapped phase)

Proposition 4 (standard stat. mech.)

Theorem 5 + Corollary (Wilson form proven;
universality under explicit conditions)

Theorem (conditions now derived)
Theorem (conditions now derived)

Theorem 6 (inequality + saturation)

Theorem 7 + Corollary 7.1 (conditional on H2, H3;
finite cluster computation identified)



Parent Paper

Result Status Status After This Paper
-scale Free parameter Propositions 8—10 (concave loop correction; near-
p criticality required; A_eff = 0.05)
Gayge group Conditional Theorem 8 (R1-R4 derived or universal)
uniqueness

What is now fully derived: The gauge-Higgs-confinement core (a, sin®2 6 W, M_H, o, gauge
group) follows from Category I (universal EFT) and Category II (framework axioms) inputs
alone. No conditional assumptions specific to the hexagonal framework remain in the gauge
sector.

What remains open: The electron mass scaling (Theorem 7) is conditional on level separability
(H2) and weak cross-coupling (H3); verifying these hypotheses and computing f(K) are finite
cluster calculations identified in Section 6.3. The &-scale (Proposition 9) requires that the
effective closure curvature satisfies A_eff = (.05, a near-criticality condition that the economy
functional (Section 6.5.7) motivates but does not yet uniquely fix; computing S_xi(A_eff) near
the critical surface would close this gap. Flavor physics (CKM beyond Cabibbo, Yukawa
couplings, mass hierarchies) is not addressed.

10. Falsifiability

General reader context: A scientific theory is only useful if it can be proven wrong. The
hexagonal framework makes several predictions that, if violated, would kill the theory. This is a
feature, not a vulnerability — it is what separates the framework from numerology.

The framework is falsified if any of the following are observed:

1. A fourth generation of fermions. The hexagonal lattice has exactly 3 direction pairs,
which produces exactly 3 generations. Discovery of a fourth generation would be fatal.

2. Different loop corrections in different sectors. The universal factor 15/14 must appear
identically in electromagnetic, hadronic, and electroweak sectors after accounting for RG
running. If different sectors require different correction factors, the framework fails.

3. No &-scale anomaly. Precision measurements at the § ~ 50-100 micrometer scale should
show a deviation from standard QED. If no deviation is found at sufficient precision, the
framework is disfavored.

4. a”(-1) incompatible with 137.14. After proper RG accounting, the framework's
prediction must agree with experiment at the 0.5% level. A definitive discrepancy would
falsify the model.

5. Wrong Higgs mass. A gauge-singlet scalar with mass inconsistent with (15/14)(M_W"2
+M 7Z72)=125.8 GeV would violate Theorem 6.
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The 15/14 universality prediction is particularly strong: it is a single number that must appear
identically across all sectors of the Standard Model.

11. Conclusion
This paper closes the foundational gaps in the Hexagonal Closure Framework:

e K =7is proven as the unique minimal closure count, not assumed.

e Gauge redundancy is a global symmetry of the microscopic Hamiltonian; local gauge
structure emerges through coarse-graining to cell-level link variables.

e Locality and coarse-graining follow from finite-range interactions and standard
statistical mechanics of gapped phases.

e The one-step effective action is the compact Wilson action; under explicit mild
conditions (Corollary 5.1), this places the model in the universality class of compact
lattice U(1) gauge theory, inheriting rigorous continuum-limit results.

o The Higgs mass satisfies a derived lower bound that is saturated at leading order.

e The gauge group is uniquely forced by derived structural requirements plus standard
representation theory.

o The particle mass exponent o * is established as a conditional theorem (Theorem 7)
conditional on level separability and weak cross-coupling; the remaining verification is a
finite cluster calculation.

e The &-scale has a concave one-loop mass correction (Proposition 10) that drives the
system toward near-criticality — the opposite sign to the standard hierarchy problem. A
mesoscopic & requires the effective closure curvature to be small, a near-criticality
condition that economy motivates.

The present work should be understood as deriving the architecture of the Standard Model. The
remaining open quantities — fermion masses and mixing parameters — are determined by
explicit defect-energy and transport calculations within this architecture, not by additional
assumptions.

The remaining irreducible inputs — finite entropy density, existence of microscopic dynamics,

and the framework-defining axioms (uniformity, isotropy, closure, economy, binary constraints)
— are either universal to all effective field theories or are explicit, falsifiable structural choices.
The Standard Model's gauge-Higgs-confinement core is not a collection of arbitrary parameters.

It is the unique solution to the question: what does it take for a uniform, isotropic substrate to
commit to a definite state?
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