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General Reader Summary

The Standard Model has three generations of matter. The electron, the muon, and the tau are
three copies of the same thing: same charges, same gauge interactions, differing only in mass.
The same threefold copying runs through the quarks. The Standard Model does not explain this.
It writes the first generation down, then writes it down twice more by hand, and calls the
repetition "family replication." Why three, why identical copies, and whether there could be a
fourth are, in the Standard Model, simply postulates and open questions.

This programme has approached the count from two directions that have never been joined. One
direction — the gauge arc — describes a generation as a refinement class: a level in a layered
structure, where the charges of a particle come from one kind of internal bookkeeping (windings)
and the generation it belongs to comes from another (refinement depth), and the two do not talk
to each other. The other direction — the spectral arc — describes a generation as a durable
species: a mode the substrate can keep telling apart as the description is refined, counted by an
instrument built in companion papers. Each arc has its own notion of "three." Neither has been
shown to be the other's.

This paper makes the weld. It proves three things and conditionally reaches a fourth. First, that
the index distinguishing one species from another does not touch the charge bookkeeping — so
every species carries identical charges. That is family replication, derived rather than postulated,
and it is the cleanest result here. Second, the harder and more consequential claim: that a single
durable species is not one lonely particle but a complete family — the full set of quarks and
leptons that the Standard Model groups into one generation, no more and no fewer. The test of
this claim is unforgiving and is the place the programme can fail: the Standard Model's charge
assignments satisfy a set of delicate cancellation conditions (anomaly cancellation) that hold only
because each generation contains exactly the right particles with exactly the right charges. If a
species produces a different roster — one particle missing, one charge wrong — those
cancellations break, and the identification is dead. The paper states that test precisely and carries
the completeness claim as conditional on passing it. Third, that the ordering of species matches
the ordering of generations, so the count the spectral instrument returns is the generation count.



Fourth, and most conditionally, that mass climbs with species, the programme's only contact in
this paper with a measured number.

The payoff is the reason this is the right paper to write now. The companion papers left one
question open and internal: is there a fourth durable species, or only three? On its own that is a
question about an operator nobody has yet built. But once a species is identified with a complete
Standard Model family, a fourth species would have to be a fourth generation — a full
sequential copy carrying the same charges as the other three. And a fourth sequential generation
is very nearly the most tightly constrained object in particle physics: electroweak precision
measurements, the invisible width of the Z boson, and the rate of Higgs production already
exclude it across most of its range. So the weld converts an internal open problem into an
externally testable one. That is what it means to move into the Standard Model — not to re-
derive a number already known, but to make an internal degree of freedom collide with data that
can kill it.

The honest summary is that one theorem lands clean, one lands conditional on a named and
genuinely falsifiable test, and two land conditional on identifications the programme has not yet
closed. What the paper buys, even at those grades, is the first point in the corpus where "species"
means "Standard Model generation" and the fourth-mode question becomes a question for
experiment.

Contents

o Status Table — Read First
e §1 — The Weld to Be Made: Two Definitions of Generation
e §2 — Inherited Inputs and Marker Calculus
e §3 — The Species as Closure Class: Vertical Content
e §4 — T2: Charge-Blindness of the Species Index, and Replication
e §5—TI: Bundle Completeness — the Crux
o §5.1 — Tla: Multiplet Completeness
o §5.2—T1b: Hypercharge Realization and the Anomaly Spine
e §6 — T3: Index Identification (Horizontal)
e §7 — T4: Hierarchy Read-Out
e §8 — The Fourth Species Becomes the Fourth Generation
e §9 — Non-Circularity and the Anomaly Falsifier
e §10 — What This Paper Does Not Do
e §11 — Conclusion



Status Table — Read First

The strongest claim a speculative programme can make is an accurate one. This table states,
before any argument, what the paper establishes and at what grade. Four grades, ordered Proven
> Conditional > Conjectural > Open (strongest to weakest); [Inherited] marks an imported
result carrying its source grade; [Def] marks a definitional choice, not truth-apt, off the grade
axis. Gate tags name an undischarged hypothesis a result waits on — Gate: O1 (the occupancy /
world-to-framework map), Gate: ANCH-COMP (the anchor—completion order and log-linear
bridges), Gate: D5(depth) (the sign of ®, inherited open). Tags and [Def] are presentation, not

grades.

Claim

T2 — The species index is charge-blind:
the refinement-class coordinate does not
enter the winding/seat charge map

T2 corollary — Replication: all species
carry gauge-identical fermion content

T1a — Multiplet completeness: a species'
seat structure realizes exactly the non-
abelian reps {(3,2), (3,1), (3,1), (1,2),
(1,1)}, with the Witten doublet-parity
check (4 doublets, even)

T1b — Hypercharge realization: the
windings fix U(1) charges that mus¢ satisfy
the four hypercharge anomaly conditions
— necessary, refutes on failure, does not
certify on passage

T1 — Bundle completeness: one durable
species carries a full anomaly-free family,
not a single Weyl mode

T3 — Index identification: completion-
density order = refinement-class order =
generation ordinal

T4 — Hierarchy read-out: completion
density furnishes the ordinal the mass map
reads; mass ascends with species

The species count equals the generation
count

The fourth-species question is the fourth-
(sequential-)generation question, hence
externally testable

Grade Gating dependency

winding X refinement
factorization (Three by
Two) (§4)

T2 + the charge map being a
function of (winding, seat)

[Proven, on inherited
factorization]

[Proven, on inherited
factorization]

alone (§4)

o, capacity census {1,2,3} +
[Conditional] gauge-group derivation (§5)
[Conditional - inherited charge lattice +
anomaly cancellation T1a; failure refutes against
is the named 2Y=0, XY*=0, [SU(3)]?U(1),
falsifier] [SU2)1PU() (§5)

[Conditional] (meet
of Tla, T1b; neither
half alone certifies)

the crux; dies if anomaly
cancellation fails (§5)

both indices are the depth-n
refinement coordinate in the
realized machine (§6)

[Conditional - Gate:
01]

the order bridge (ascent) +
log-linear bridge (down-
sector) (§7)

[Conditional - Gate:
ANCH-COMP]

[Conditional] (meet

of T1, T3) T1 + T3 (86, §8)

[Conditional - on T1, replication makes the fourth
T2] bundle sequential-chiral (§8)



Claim Grade Gating dependency

The Coherence Observation (one three-

valued index for the whole table) is [Conditional] (to T1, what this paper promotes or

promoted from [Conjectural] 13) names as blocking (§9)
Non-circularity: vertical completeness (T1) orthogonality of within-
and horizontal ordering (T3) are separable [Proven] species content and across-
axes species order (§9)

The sign of ®(m+) — whether the fourth  [Open - Gate: inherited open; unchanged
species exists DS5(depth)] here

Charge values; Yukawa magnitudes;
absolute masses; CKM/PMNS entries; [Open / Inherited]  not derived here (§10)
capacity catalogue termination

The single most consequential row is T1, and within it T1b: the identification lives or dies on
whether the bundle a species produces reproduces the Standard Model's exact charge
assignments, and anomaly cancellation is the test that refutes any bundle whose charges fail it.
The paper's discipline is to state that test in full, route the completeness claim toward it, grade T1
as the meet of its two halves — never above [Conditional] while the anomaly check is owed —
and, crucially, not to claim that passing the anomaly check certifies completeness: anomaly
cancellation is necessary, not sufficient, so T1a (the exact roster) and T1b (those charges cancel)
must be earned jointly, neither substituting for the other.

1. The Weld to Be Made — Two Definitions of Generation

The programme carries two definitions of "generation" that have run in parallel and have never
been identified. Each is internally coherent; each yields its own "three"; neither has been shown
to denote the same objects as the other. The Coherence Observation — that they are one index —
has stood at [Conjectural, Gate: O1]. This paper is the attempt to promote it, or to name exactly
what blocks promotion.

The gauge arc. From the gauge-group derivation and the Assignment route (Three by Two), a
generation is a refinement class. The charge content of a mode is fixed by two independent
coordinates. Windings separate within-generation partners — they are what distinguishes the up-
type from the down-type seat inside one column, u from d. Refinement depth separates
generations within a column — it is what distinguishes u from c from t. The charges are charge-
blind to refinement: a mode's gauge reps and hypercharge are read from its winding and seat
data, and the refinement class it occupies does not enter that reading. The count is capped at
three by the capacity census restricting admissible capacities to {1, 2, 3}. In this arc,
"generation" means "refinement class," and "three generations" means "three admissible
refinement classes."

The spectral arc. From the gap functional and the individuation—isolation characterization, a
generation is a durable species: a recurrent commitment-supported mode m whose isolating



separation survives refinement, ®(m) > 0 — equivalently, by the characterization, a mode
carrying a durable contamination-free record, one the substrate can keep telling apart. The count
is N_stab = |Stab_{(Z)|, and whether it is three or four is the inherited open question, the sign of
®(ma). In this arc, "generation" means "spectrally isolated mode," and "three generations" means
"N _stab=3."

What the operator paper did and did not do. The realized machine exhibits both indices on
the same substrate: the refinement-class coordinate of the gauge arc and the completion-density
spectral coordinate of the spectral arc both live there, both indexed by refinement depth n. But
the operator paper deliberately kept them apart — it built the site where the identification could
be made without asserting it, exactly so that the assertion, when made, would be a theorem about
the machine rather than a definition imposed on it. This paper makes the assertion and prices it.

The two welds, and why they are separable. Identifying the two notions of generation requires
two independent things, and keeping them independent is what keeps the argument non-circular

(§9).

o Vertical: what is one species? The spectral arc counts isolated modes; the gauge arc
populates each generation with a full fermion family {Q, u, d, L, e}. The vertical weld
(T1) is the claim that one durable species is one complete family — that the spectral arc's
single counted object carries the gauge arc's full roster.

e Horizontal: how are species ordered? The spectral arc orders by completion density; the
gauge arc orders by refinement class; the physical generations are ordered by the ordinal
the mass map reads. The horizontal weld (T3) is the claim that these three orderings are
one.

The vertical weld is about the content of a single species; the horizontal weld is about the
relation among species. They are orthogonal — one can hold without the other — and that
orthogonality is certified in §9 not merely by logical independence but by the stronger no-shared-
root property: although both welds run through the same depth-n refinement coordinate, the
winding X refinement factorization keeps the content (read from windings and seats) and the
order (read from the refinement class) as separate earnings. T2 (charge-blindness) is the hinge
between the welds and, by that same factorization, the certificate that conjoining them is content
rather than relabelling — which is why replication is derived rather than assumed.

2. Inherited Inputs and Marker Calculus

Every truth-apt claim carries one of four grades — [Proven], [Conditional] (contingent on a
stated, carried hypothesis), [Conjectural] (a candidate discharge), [Open] (no current discharge)
— ordered Proven > Conditional > Conjectural > Open, with a conclusion inheriting the meet
(weakest) of the grades on its path. A definitional choice is not true or false; it carries no grade,
is marked [Def], and is justified by motivation. What follows from a definition is graded
normally.



The following are imported and used, not re-proven.

e G1 — Gauge-group derivation. [Inherited] The Standard Model gauge group SU(3) %
SU(2) x U(1) arises on the realized substrate: a capacity-3 closure structure with bath
yields SU(3), a capacity-2 structure with bath yields SU(2), and the abelian factor U(1)
arises from the commitment-phase continuity. The non-abelian representations available
to a closure class are fixed by its seat structure.

e G2 — Charge lattice. [Inherited] The admissible U(1) charges lie on a fixed lattice
supplied by the winding/seat structure; the hypercharge of a mode is a lattice point
determined by its winding and seat data. This paper inherits the lattice; it does not derive
the charge values.

e G3 — Winding X refinement factorization. [Inherited, Proven] In the realized machine
a mode is indexed by (w, s, ¢): winding data w, seat/capacity data s within a closure class,
and refinement-class coordinate c¢. The charge map y : (w, s) = (gauge reps, hypercharge)
is a function of (w, s) alone; c is not an argument of . This is the Assignment-route
factorization of Three by Two.

e G4 — Capacity census. [Inherited] The admissible seat capacities are exactly {1, 2, 3};
the census terminating at three is the capacity face of D35, carried [Open - Gate:
D5(capacity)] in the census arc and used here only as the inherited seat catalogue, not re-
opened.

e S1 — Durable species. [Inherited] A generation-relevant mode is a durable species iff it
is recurrent, commitment-coupled, and spectrally isolated (®(m) > 0); by the
individuation—isolation characterization (under its premises B1-reverse, "ACC) this
coincides with carrying a durable contamination-free record. Stab_£(Z) is the set of
durable species, N_stab its cardinality. (Inherited-status note: Bl-reverse is itself carried
in the operator paper behind OBS-EVOL, so every claim here resting on S1 sits behind
OBS-EVOL as well; this is tracked but not re-stated at each use.)

e S2 — Completion-density order. [Inherited] The Orbit Count structure assigns each
recurrent mode a completion density, furnishing a total order on the durable species —
the spectral ordinal.

e O1 — Occupancy map. [Inherited, Open] The world-to-framework map identifying
abstract substrate indices with the physical particle content; carried [Open - Gate: O1].

e ANCH-COMP — Anchor—completion bridges. [Inherited, Conditional] The order
bridge relating completion-density ascent to mass ascent, and the log-linear bridge for the
down-sector expansion; carried [Conditional - Gate: ANCH-COMP].

Write & for the realized evolution operator, n for refinement depth, ® for the gap functional, ma
for the disputed fourth mode, and N_stab for the species count — inherited as 3-or-4, open

pending the sign of ®(m.). The Standard Model family content of one generation, in left-handed
Weyl convention, is the inherited target:

Q= (3, 2)ve), uc = (3, D23, de = (3, Divs), L= (1, 2)-v2), ec = (1, D).

3. The Species as Closure Class — Vertical Content



The vertical weld requires a precise statement of what a single durable species contains. The
claim is that a species is not a single Weyl mode but a closure class — a structured object whose
seats carry the family's charge content.

Definition 3.1 (the species bundle). For a durable species ¢ € Stab (), the species bundle
B(0) is the set of charge-carrying modes that share c's refinement class ¢ — the modes (w, s, ¢)
ranging over admissible winding and seat data at fixed c. By G3 the charge content of each is
x(w, s), independent of c.

The thesis of the paper, made precise, is that B(c) is exactly one Standard Model family — the
five reps above, with their hypercharges, once and no more. The claim splits cleanly into a non-
abelian half (which reps appear) and an abelian half (which hypercharges those reps carry), and
the two halves have different grades and different routes. This split is the analogue of the
characterization paper's B1-forward / Bl-reverse decomposition: it isolates the cheap structural
claim from the load-bearing falsifiable one, so the grade of the whole is the meet and the genuine
debt is named, not averaged away.

Remark 3.2 (why the split is not cosmetic). A reader might expect "reproduce the SM family"
to be a single test. It is not, because the gauge-group derivation G1 supplies the non-abelian
representation content from seat structure relatively directly, whereas the hypercharges are U(1)
lattice data (G2) whose specific values are what the anomaly conditions constrain. One can have
the right multiplets with wrong hypercharges, and that combination fails anomaly cancellation
while looking superficially like "the SM family." The split forces the paper to confront the
hypercharges as the real test rather than smuggling them in with the reps.

4. T2 — Charge-Blindness of the Species Index, and
Replication

The cleanest theorem is taken first because it is the hinge: it is what makes the vertical content
identical across the horizontal ordering, and it is the SM-substantive result the census arc cannot
reach.

Theorem 4.1 (T2 — charge-blindness). The refinement-class coordinate ¢ is not an argument
of the charge map . Consequently, two modes differing only in refinement class carry identical
gauge reps and identical hypercharge:

x(w, s, ¢) = x(w, s, c’) for all admissible c, c'.

[Proven, on inherited factorization G3]

Proof. By G3 the charge map factorizes as y : (w, s) = (gauge reps, hypercharge), with ¢ absent
from its domain. Holding (w, s) fixed and varying c therefore leaves y unchanged. The within-



generation partner structure (u from d) is carried by the winding/seat data w, s and is untouched,
what varies with c is solely the refinement class, which  does not read. m

Corollary 4.2 (T2 — replication). Every durable species carries gauge-identical fermion
content: for species o, ¢’ with refinement classes c, ¢’, the bundles B(c) and B(c’) have the same
reps and the same hypercharges, field by field. [Proven, on inherited factorization]

Proof. By Definition 3.1, B(c) ranges over (w, s, ¢) at fixed ¢, with charge content y(w, s, ¢). By
Theorem 4.1, y(w, s, ¢) = x(w, s, ¢') for every (w, s). So the charge content of B(c) and B(c")
agrees on every winding/seat slot. The bundles are gauge-identical. m

Remark 4.3 (what replication buys, beyond the corpus). The Standard Model postulates
family replication and explains nothing about it: that the muon is a heavier copy of the electron
with identical charges is an input, not an output. Corollary 4.2 derives identical reps across
generations from the factorization — the species index is a coordinate orthogonal to charge, so
changing it cannot change charge. This is genuine forward motion into territory the Standard
Model leaves blank, and it is the strongest-graded result in the paper precisely because it rides on
an inherited factorization already in hand. Its consequence in §8 is sharp: replication forces the
fourth species, if it exists, to be a sequential fourth generation carrying the identical chiral bundle
— which is exactly the object electroweak precision data constrains.

S. T1 — Bundle Completeness: the Crux

T1 is the claim that a species bundle is a complete anomaly-free family — the hard, SM-
substantive theorem, and the place the programme can fail. It is graded as the meet of its non-
abelian half (T1a) and its abelian half (T1b), with anomaly cancellation as the named falsifier on
T1b.

5.1 T1a — Multiplet completeness

Theorem 5.1 (T1a — the reps appear, exactly). Under G1 and G4, the seat structure of a
closure class realizes exactly the non-abelian representations

{3,2),3, 1), 3, D, (1,2), (1, Dj,

one capacity-3 doublet seat (Q), two capacity-3 singlet seats (u., d.), one capacity-2 colorless

doublet seat (L), one capacity-1 singlet (e.) — no exotic reps, no omissions. The SU(2) doublet
count is part of this structural roster: 3(Q, by color) + 1(L) = 4 doublets, an even number,
satistying the Witten SU(2) global condition, which is a constraint on the doublet count alone
and carries no hypercharge information — hence it is filed here, with the reps, and not with the
hypercharges of T1b. [Conditional - on capacity census G4 + gauge derivation G1]



Route. By G1 a capacity-3 closure with bath carries the SU(3) triplet, a capacity-2 closure the
SU(2) doublet; the capacity census G4 limits seats to {1, 2, 3}. The colored doublet (Q) is the
capacity-3, capacity-2 joint seat; the colored singlets (u., d.) the capacity-3, capacity-1 seats
distinguished by winding; the colorless doublet (L) the capacity-2, color-1 seat; the singlet (e.)
the capacity-1, color-1 seat. The claim that these are exactly the realized reps — that the seat
census produces this roster with no exotic color or weak reps and no missing slot — is the
content of T1la. It is [Conditional] because it leans on G4's seat catalogue being both complete
and correctly mapped to reps by G1; either an over-rich seat census (admitting exotics) or an
under-rich one (omitting a slot) would falsify it.

Why this half is the cheaper one. T1a is structural: it is about which boxes the seat grid has, and
the gauge derivation populates those boxes fairly directly. It does not yet touch the numerical
charges. That is T1b, and it is where the test bites.

5.2 T1b — Hypercharge realization and the anomaly spine

Theorem 5.2 (T1b — the hypercharges must cancel; necessary, not sufficient). Under G2
and Tla, the windings assign U(1) hypercharges to the five reps. Anomaly cancellation is a
necessary condition on those hypercharges for the bundle to be the Standard Model family: a
bundle whose assigned hypercharges fail any of the four hypercharge-dependent conditions is
refuted as an SM family. The conditions, with the SM values substituted, all vanish:

Linear (U(1)—grav): £ Y = 6(16) + 3(=23) + 3(13) + 2(=12) + 1(1) = 0. Cubic (U(1)*): £ Y* =
6(1/6)° + 3(<23)° + 3(13) + 2(=12)* + 1(1)* = 0. [SUG)-U(1): 2(1/6) + (-23) + (13) = 0.
[SUQR)]Z-U(1): 3(16) + (-12) = 0.

(The Witten SU(2) global condition, being blind to hypercharge, is a structural-roster constraint
and is discharged in T1a, not here.) [Conditional - anomaly cancellation is the named falsifier
— necessary, refutes on failure; does not certify on passage]

The asymmetry of the test, stated exactly. The < direction is solid: the SM family cancels, so
any bundle that is the SM family passes. The = direction is false and must not be claimed:
passing all four conditions does nof certify that the bundle is the SM family. The cubic and
gravitational conditions are Diophantine and admit anomaly-free chiral solutions beyond the SM
charge assignment; vector-like additions cancel trivially; and genuinely chiral anomaly-free
extensions of the SM exist. So a bundle can pass every anomaly condition and still not be the SM
family. Anomaly cancellation therefore refutes (a failing bundle is certainly not the SM family)
but does not verify (a passing bundle might not be). It is a necessary condition whose failure
kills the identification, not a sufficient one whose passage establishes it.

Where the falsifier actually lives, and where it does not reach. The risk is not that the inherited
SM hypercharges fail the sum rules — they cannot, being the observed values. The risk is that
the seat/winding structure produces a roster that is not exactly {Q, u., d., L, e.} with exactly
these charges: an incomplete family (drop e. and X Y? no longer vanishes — 6(1/6)* + 3(—2/3)* +
3(13)* +2(—12)* = —1, not 0), a winding assignment placing a rep at the wrong lattice point, or
— the case the anomaly check is blind to — a different anomaly-free chiral roster that cancels



without being the SM family. The first two are caught by T1b; the third is not. Completeness
therefore cannot be certified by T1b alone: it rests on T1a (the exact roster, including the Witten
doublet parity) and T1b (those charges cancel) jointly, and T1b is forbidden from absorbing
T1a's roster obligation. T1 is the meet of both halves precisely because neither alone suffices —
T1a fixes which fields, T1b refutes wrong charges on them, and only together do they pin the
SM family. The explicit winding-to-hypercharge computation against the inherited lattice G2 is
owed and not performed here; T1b is [Conditional] pending it.

Theorem 5.3 (T1 — bundle completeness). A durable species carries a full anomaly-free SM
family iff T1a (the exact roster appears, with even doublet parity) and T1b (those hypercharges
cancel) both hold. Neither half certifies alone: T1a fixes the field content but not that its charges
cancel; T1b refutes wrong charges but, being necessary-not-sufficient, does not by itself establish
the roster. The grade of T1 is the meet:

grade(T1) = grade(T1a) A grade(T1b) = [Conditional],

with anomaly cancellation as the explicit place the identification can fail — a failing bundle is
refuted outright; a passing one still owes its roster to T1a. [Conditional]

Remark 5.4 (the two deepest SM facts, and which theorem touches each). Family replication
and per-generation anomaly cancellation are the two facts the Standard Model leaves most
conspicuously unexplained. T2 (Corollary 4.2) derives replication. T1 must reproduce anomaly
cancellation, and its honesty is in carrying that as a falsifiable test rather than a formality. The
paper's most probable outcome — T2 clean, T1 conditional with anomaly cancellation named,
T3/T4 conditional — is stated here so no reader infers that the family structure has been proven
when what has been built is a route to it and a sharp test it must pass.

6. T3 — Index Identification (Horizontal)

The horizontal weld identifies the orderings. The route is that both the completion-density order
(S2) and the refinement-class order (G3's coordinate c) are the same depth-n refinement
coordinate in the realized machine, and that this shared coordinate is the physical generation
ordinal.

Theorem 6.1 (T3 — index identification). In the realized machine, the spectral ordinal
(completion density, S2) and the gauge ordinal (refinement class ¢, G3) coincide, and under O1
both coincide with the physical generation ordinal:

completion-density order = refinement-class order = generation ordinal.

[Conditional - Gate: O1]

Route. The operator paper built the site where the completion density and the refinement class
are both read off the same depth-n structure of % — the completion density is the Orbit-Count
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weight of the depth-n recurrent class, and the refinement class is that depth-n class itself. That
they are the same coordinate of the same machine is structural and, on the realized operator,
close to immediate. What is not settled here is that this shared abstract coordinate is the physical
generation ordinal the world exhibits — that is precisely the occupancy identification O1, carried
[Open]. So T3 reduces the three-way identification to its already-built two-way structural part
plus the single open occupancy gate, and is graded [Conditional - Gate: O1] accordingly.

Corollary 6.2 (the count is the generation count). Under T1 and T3, N_stab — the number of
durable species — equals the number of complete SM families equals the number of generations.
The spectral instrument's count is the generation count. [Conditional] (meet of T1, T3).

This is the sentence the corpus has been reaching toward: the number ® returns is no longer
"abstract things the substrate keeps distinct" but Standard Model generations. It is [Conditional],
not [Proven], because it inherits the meet of the vertical weld (T1, conditional on anomaly
cancellation) and the horizontal weld (T3, conditional on O1).

7. T4 — Hierarchy Read-Out

The single contact with measured masses, and the most conditional theorem.

Theorem 7.1 (T4 — mass ascends with species). Under ANCH-COMP, the completion density
furnishes the generation ordinal that the mass map reads, so mass ascends with species: ordering
the durable species by completion density orders them by mass. [Conditional - Gate: ANCH-
COMP|

Route. By S2 the completion density furnishes the species ordinal; the mass map of the
programme reads a generation ordinal and returns ascending mass. ANCH-COMP is the carried
bridge that identifies the completion-density ascent with the mass-map ordinal (the order bridge)
and supplies the down-sector log-linear expansion. Under that bridge, mass climbs with
completion density. The theorem is [Conditional - Gate: ANCH-COMP] — it is conditional
contact with data, not proven contact, and it is the only place the paper touches a measured
number.

Remark 7.2 (conditional contact is still contact). T4 does not derive masses, Yukawa
magnitudes, or absolute scales (§10). It establishes only the ordering — that the species the
instrument counts are ordered as the generations are by mass. Even at [Conditional - Gate:
ANCH-COMP] this is the rung on which the spectral count connects to the empirical ladder
electron—-muon—tau.
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8. The Fourth Species Becomes the Fourth Generation

This section is the reason the paper is the right next step. It converts the inherited internal open
problem — the sign of ®(m4) — into an externally testable one, and locates exactly which earlier
theorem does the converting.

Proposition 8.1 (the fourth species is a sequential fourth generation). Under T1 and T2, if a
fourth durable species exists (®(ma4) > 0, World B of the census arc), it carries a complete family
bundle (T1) gauge-identical to the other three (T2): a full sequential fourth generation — a fourth
(Q, ue, d., L, e.) with the same chiral charges, including a fourth left-handed weak-doublet
neutrino. [Conditional - on T1, T2]

Proof. By T1 every durable species carries a complete anomaly-free family; by T2 (Corollary
4.2) all species are gauge-identical. A fourth species therefore carries the same chiral bundle as
the first three — in particular the same SU(2) doublet structure, hence a fourth sequential
neutrino in a left-handed doublet. It is not a vector-like or exotic addition; replication forces it to
be sequential and chiral. m

Corollary 8.2 (external testability). A sequential fourth generation is among the most tightly
constrained objects in particle physics. The invisible width of the Z boson fixes the number of
light active neutrinos at three, excluding a fourth sequential neutrino below ~ m_Z7Z/2. Higgs
production through the gluon-fusion loop is enhanced by roughly a factor of nine by a fourth
generation of heavy quarks, in gross conflict with the observed rate. Electroweak precision fits
(the oblique parameters) disfavour a degenerate fourth doublet. Across the standard sequential
range, a fourth generation is excluded. Therefore, under T1 and T2, World B (®(ma) > 0) is in
tension with data to the extent the fourth bundle is sequential-chiral — which Proposition 8.1
establishes it must be. [Conditional - on T1, T2]

Remark 8.3 (replication is what makes the test bite — and the one escape). The force of
Corollary 8.2 rests on the fourth bundle being sequential — chiral, with a light-ish active
neutrino and standard quark content. That is exactly what T2 (replication) delivers: without
replication, a fourth species could in principle be vector-like or carry a sterile/heavy neutrino and
evade the standard exclusions. So it is the cleanest theorem (T2, [Proven on inherited
factorization]) that supplies the sharpness of the external test, while the crux theorem (T1,
[Conditional]) supplies the completeness the test presumes.

A point that must be stated to forestall a misreading invited by the proximity of the anomaly
spine (§5) to this section: the fourth generation is not excluded by anomalies. A fourth
sequential generation is automatically anomaly-free — precisely because of replication, it carries
an identical anomaly-free family, and four cancelling families cancel as surely as three (the
Witten doublet count stays even, every hypercharge sum rule is per-family). The anomaly spine
of §5 constrains what a generation is, not how many there are; it does no work in the §8
exclusion. The fourth generation is killed by data — the Z invisible width, the Higgs production
rate, the oblique parameters — not by any internal consistency condition. This sharpens rather
than weakens the point: replication is what makes the fourth generation anomaly-consistent,
hence a genuine physical candidate that only experiment can rule out, rather than something the
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formalism forbids on its own. The honest residue is the one escape hatch: the exclusion is of a
sequential fourth generation; were the programme's fourth bundle to differ from the sequential
pattern (a route not open under T1 and T2 as stated, but worth naming), the empirical bound
would loosen. As things stand, T1 and T2 together force the sequential reading, and the
sequential reading is what experiment has nearly closed.

What this does to the census. The census arc's World-A/World-B split (three species or four) is
unchanged internally — the sign of ®(m4) remains uncomputed and remains [Open - Gate:
D5(depth)]. What changes is its standing: World B is no longer merely an internal possibility
awaiting an operator computation but an empirical near-impossibility awaiting only the weld this
paper makes. The internal degree of freedom now collides with data that can kill it. That
collision is the definition of moving into the Standard Model.

9. Non-Circularity and the Anomaly Falsifier

Two things must be certified: that the vertical and horizontal welds are genuinely separate claims
(so their conjunction is content, not a single assumption wearing two hats), and that the central
identification is falsifiable (so it is a theorem-under-test, not a definition).

Proposition 9.1 (logical independence of the two welds). Vertical completeness (T1) and
horizontal ordering (T3) are logically independent: there are consistent specifications in which
one holds and the other fails. Withdrawing the seat-to-family route leaves species well-ordered
(T3) but not complete families (—T1); withdrawing the index identification leaves complete
families (T1) with no fixed correspondence to the generation ordinal (—T3). Neither conclusion
entails the other. [Proven]

Proof. T1 quantifies over the content of a single species — which reps and charges its bundle
carries — and is evaluable on one species in isolation. T3 quantifies over the relation among
species — how their orderings align — and is vacuous on a single species. A specification fixing
each species' bundle without fixing the cross-species order satisfies T1 and not T3; a
specification fixing the order while leaving bundles incomplete satisfies T3 and not T1. The two
conclusions are mutually non-entailing. m

Proposition 9.2 (no shared earning — the non-circularity that matters). Logical
independence (9.1) is weaker than non-circularity requires, and §9.3 must not lean on 9.1 for the
stronger property. What non-circularity needs is that T1 and T3 are not both established by a
single structural fact of the realized machine — that "both hold" is two earnings, not one. This is
threatened by construction: both welds run through the same depth-n refinement coordinate c. T3
is explicitly that coordinate's order (S2, G3); T1's bundle B(o) is defined (Def 3.1) as the modes
sharing o's refinement class — the same c. So the common coordinate is real, and the easy
quantifier-scope argument of 9.1 does not rule out a shared root through it.

The shared root is nonetheless excluded, and the certificate is T2. T1's charge content is fixed by
(w, s) via the charge map y (G3); T3's order is fixed by c. The winding x refinement factorization
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G3 — that y is a function of (w, s) alone and c is not its argument — is precisely the statement
that these two are separate earnings: the content T1 reads from (w, s) and the order T3 reads
from c are factored apart by the very structure that lets both live on one machine. So the common
coordinate c carries the order without carrying the content, and the content is carried by (w, s)
without carrying the order. T2 (charge-blindness, Theorem 4.1) is therefore not only the hinge
that makes the vertical content identical across the horizontal ordering, but the certificate that the
vertical and horizontal welds are earned independently — that conjoining T1 and T3 is two
assumptions, not one wearing two hats. [Proven, on G3 / T2]

Why this is the truer claim. The quantifier-scope independence of 9.1 is correct but cheap; it
would hold even if a single fact secretly underwrote both. The factorization argument is the load-
bearing one, and it is satisfying that the certificate is T2 again: the same factorization that derives
replication also guarantees the weld is content rather than relabelling. Non-circularity and the
hinge are one fact viewed twice.

Proposition 9.3 (the identification is falsifiable). The species-as-family identification is not
true by relabelling: it makes a prediction that can fail, namely that the bundle a species produces
reproduces the exact SM charge assignments. The anomaly conditions of Theorem 5.2 are the
falsifier — a bundle failing any condition refutes the identification for that species. The test
refutes but does not certify (5.2): passing it is necessary, not sufficient, so falsifiability is genuine
while verification remains owed jointly to Tla and T1b. [Proven that the test exists and
refutes; the test's outcome is Conditional; passage does not certify]

Remark. This is the same discipline the characterization paper applied to "isolated = generation":
the claim is discharged not by defining a generation as an isolated complete bundle (which
would prove nothing) but by giving the bundle an independent gauge-theoretic content (G1, G2)
and a sharp refuting test (anomaly cancellation) it must independently survive. The content is the
joint earning of T1a (roster) and T1b (charges), with anomaly cancellation as the necessary
condition that keeps a wrong bundle from passing unnoticed — not a sufficient condition that
certifies a right one.

Remark 9.4 (what is promoted, and what blocks full promotion). The Coherence Observation
— that the gauge-arc and spectral-arc indices are one three-valued index shared by the whole
table — is promoted from [Conjectural, Gate: O1] to [Conditional], resting now on T1 (vertical)
and T3 (horizontal), earned independently by the no-shared-root certificate of Proposition 9.2
rather than merely by the logical independence of 9.1. What blocks promotion to [Proven] is
named precisely: on the vertical axis, the joint earning of T1a (exact roster) and T1b (charges
cancel, anomaly check owed and necessary-not-sufficient); on the horizontal axis, the occupancy
gate O1 (is the shared abstract coordinate the physical ordinal?). These are the two welds'
residues, and they are exactly the two gates the table carries. The Coherence Observation does
not become a theorem until both clear; this paper reduces it to those two, named and gradeable,
from a single undifferentiated conjecture — and certifies, via T2, that they are two residues and
not one.
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10. What This Paper Does Not Do

Stated plainly, against over-reading.

It does not derive the charge values. The gauge reps (G1) and the hypercharge lattice (G2) are
inherited; T1b fests whether the bundle's charges cancel, against inherited values, and does not
derive those values from below.

It does not perform the anomaly computation. T1b states the five conditions and identifies them
as the falsifier; it does not claim to have computed the winding-to-hypercharge assignment
against G2 and shown it lands on the cancelling family. T1 is [Conditional] precisely because
that explicit check is owed.

It does not produce masses. T4 establishes ordering under ANCH-COMP, not Yukawa
magnitudes, not absolute masses, not scales. Its contact with data is the ascent ordering only.

It does not derive mixing. CKM and PMNS entries are downstream and presuppose this paper's
three-generation space; they are untouched here.

It does not close the census D5. The sign of ®(ma4) is inherited [Open - Gate: D5(depth)] and
stays open; the paper changes the standing of World B (§8), not its internal resolution.

It does not re-open the capacity census. G4's {1, 2, 3} is used as the inherited seat catalogue; the
capacity-termination question [Gate: D5(capacity)] is neither used beyond that nor closed.

It does not close O1 or ANCH-COMP. T3 and T4 are conditional on these gates; the paper
reduces claims to them, it does not discharge them.

11. Conclusion

The programme has carried two definitions of "generation" — refinement class and durable
species — and two counts of three that have never been shown to count the same things. This
paper welds them, and the weld has two seams that must be kept apart to stay honest: the vertical
seam, what a single species contains, and the horizontal seam, how species are ordered. The
hinge between them is the cleanest theorem in the paper: the species index is charge-blind, so the
vertical content is identical across the horizontal ordering, and that is family replication — a fact
the Standard Model postulates and here derives.

The crux is the vertical seam. A durable species is claimed to be a complete, anomaly-free
Standard Model family, and the claim is built not by defining it so but by giving the bundle
independent gauge-theoretic content and submitting it to a test it can fail. That test is anomaly
cancellation: the sum rules that any genuine family must satisfy. The paper states the test in full
and carries the identification at [Conditional] with anomaly cancellation as the named refuter —
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but it claims the test honestly, as necessary and not sufficient: a bundle whose charges fail to
cancel is refuted outright, while a bundle that passes still owes its exact roster to T1a, because
anomaly-free chiral sets beyond the SM family exist. Completeness is therefore the joint earning
of the roster (T1a) and the cancellation (T1b), never the passage of the anomaly check alone —
and the paper never claims the computation has been done, only that this is where it must be
done and what it must yield.

What the weld delivers, even conditionally, is the corpus's first point of genuine Standard Model
contact. The count the spectral instrument returns becomes the generation count. Family
replication is derived. And the fourth-mode question — internal, open, awaiting an operator
nobody has built — becomes the fourth-sequential-generation question, which replication forces
and which electroweak precision data has very nearly excluded. The sign of ®(ma.) is unchanged
internally; what changes is that it now answers to experiment. That is the move into the Standard
Model: not the re-derivation of a known number, but the welding of an internal degree of
freedom to data that can kill it. The census arc, however far it is pushed, stays upstream of the
Standard Model until this weld is made — and this paper makes it, conditional on one anomaly
check and one occupancy gate, both named, both on the table, neither buried.
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